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INFINITESIMAL STRUCTURE OF DIFFERENTIABILITY 
SPACES, AND METRIC DIFFERENTIATION 

JEFF CHEEGER, BRUCE KLEINER, AND ANDREA SCHIOPPA 


Abstract. We prove metric differentiation for differentiability spaces in the 
sense of Cheeger IChe99lIKei04alIBatl2l . As corollaries we give a new proof of 
one of the main results of [Che99| . a proof that the Lip-lip constant of any Lip- 
lip space in the sense of Keith IKei04al is equal to 1, and new nonembeddability 
results. 
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1. Introduction 

In this paper we study the metric geometry of differentiability spaces in the 
sense of Cheeger [Che99[ IKei04al IBatl2] . We develop the infinitesimal geometry 
of Lipschitz curves and Lipschitz functions, generalizing and refining earlier work 
on spaces satisfying Poincare inequalities and differentiability spaces; using this 
we formulate and establish metric differentiation for differentiability spaces. We 
then give several applications of these results. They include a new proof that the 
minimal generalized upper gradient of a Lipschitz function is its pointwise upper 
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Lipschitz constant, which is one of the main results of [Che99) . an alternate proof 
that the Lip-lip constant of any differentiability space is equal to 1 [sm] , and 
new nonembeddability results. 

In order to motivate the theory and place it in context, we begin with some 
background. We will make some additional historical comments at the conclusion 
of the introduction, after stating our results. 

Metric differentiation for R”. The hrst instance of metric differentiation was 
for Lipschitz maps F : R" —>■ Z, where Z is an arbitrary metric space; this is due to 
Ambrosio in the n = 1 case and Kirchheim for general n [Amb901 IKir94) . Although 
Rademacher’s differentiability theorem for Lipschitz maps R" —>■ R™ does not apply 
in this situation, and in fact the usual notion of differentiability does not even make 
sense since Z has no linear structure, Ambrosio and Kirchheim introduced a new 
kind of differentiation — metric differentiation — and proved that it always holds. 
Metric differentiation associates to the map F a measurable Finsler metric, i.e. a 
measurable assignment xq i—>■ || • ||F(a;o) of a seminorm (here we identify the tangent 
space TxoMF with R” itself), which captures the geometry of the pullback distance 
function 

(1.1) gF{xi,X2) = dz{F{xi),F{x2)) 

in the sense that for almost every xq € R", the pseudodistance gp satisfies 

( 1 . 2 ) gpix^xo) = ||x - xoll^ (xo) + o(||a; - xqUrw) . 

A slightly different (and stronger) way to express metric differentiation is in terms 
of the family of pseudodistances {^^(xo) : R" x R" ^ [ 0 , oo)}>.g(o_oo) obtained by 
rescaling gp centered at xq- 

(1.3) gF{xo){xi,X2) = A • gpixo -I- A“^xi,xo -|- A“^(x 2 )). 

For almost every Xq, as A oo the pseudodistance gp{xo) converges uniformly on 
compact subsets of R" x R” to the pseudodistance associated with the seminorm 
II • ||f(xq). An additional aspect of metric differentiation is that for a Lipschitz 
curve 7 : / —>■ R", the length of the path F’ o 7 : / —Z is given by integrating the 
speed of 7 with respect to the Finsler metric || • ||f, 

(1.4) length(F 07 ) = ^ I|7'WIIf(7W) dt , 

provided that for a.e. t G I, the norm || ■ \\p is defined at 7 (t), and (jl.2ll holds with 
Xq = 7(0- Such curves 7 exist in abundance by Fubini’s theorem. 

Like Rademacher’s theorem for Lipschitz maps R" R'", metric differentiation 
for maps R” —?► Z as above can be proved by reducing to the n = 1 case. Likewise, 
one ingredient in our approach to metric differentiation for differentiability spaces is 
a specific form of the 1 -dimensional case of metric differentiation due to Ambrosio- 
Kirchheim, [AKOOb] . 

The R” version of metric differentiation has been applied to the theory of rec¬ 
tifiable sets and currents in metric spaces [Kir94[ lAKOObl lAKOOa) , to the theory 
of Sobolev spaces with metric space targets |KS93) , and in geometric group theory 
[Kle991 IWenOSl IWenOB] . As an historical note, we mention that metric differentia¬ 
tion was discovered independently in conversations between Korevaar-Schoen and 
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the second author in 92-93, who were unaware of Kirchheim’s work at the time 
[KS93]. 

Metric differentiation for Carnot groups. A generalization of metric differ¬ 
entiation to Carnot groups was established by Pauls [PauOlj . If F : G —>■ Z is a 
Lipschitz map from a Carnot group G equipped with a Carnot-Caratheodory met¬ 
ric to a metric space Z, then for any ccq G G one can apply the canonical rescaling 
of G to the pseudodistance gp to produce a family of rescaled pseudodistances 

{£•^( 2 ^ 0 ) : G X G —>■ [0, oo)}>,g(o,oo) 

analogous to IE3. Pauls showed that there is a measurable assignment Xq >->■ 
II • ||(a:o) of seminorms to the horizontal subbundle of G, such that for almost every 
Xq £ G with respect to Haar measure, as A ^ 00 , the rescalings gp{xo) converge on 
compact subsets of G x G to the Carnot-Caratheodory pseudodistance associated 
with II ■ ||F(a;o); however, this convergence is only asserted to hold on the subset of 
pairs (ti, 12 ) £ G x G lying on horizontal geodesics. This restriction to special pairs 
is necessary even in the case of the Heisenberg group, as was shown in [KM03j . Pauls 
used his metric differentiation theorem to prove that nonabelian Carnot groups 
cannot be bilipschitz embedded in Alexandrov spaces, generalizing an earlier result 
of Semmes [DS97] (which was based on Pansu’s version of Rademacher’s theorem 
for mappings between Carnot groups). Another application was a second proof 
[CK10b| of the fact that the Heisenberg group cannot be biLipschitz embedded in 
Li (originally proved in |CK10a] b 

Differentiability spaces. The main goal in this paper is to generalize metric dif¬ 
ferentiation to a large class of metric measure spaces, namely differentiability spaces. 
These were first introduced and studied in |Che99) without being given a name; see 
in particular. Theorem 4.38, Definition 4.42 and the surrounding discussion. There 
it was shown that PI spaces — metric measure spaces that are doubling and satisfy 
a Poincare inequality in the sense of Heinonen-Koskela [HK98] — are differentiabil¬ 
ity spaces. Differentiability spaces were further studied in |Kei04al IBatl2j (under 
slightly different hypotheses), where they were called spaces with a strong mea¬ 
surable differentiable structure, and Lipschitz differentiability spaces, respectively. 
Examples of differentiability spaces include PI spaces such as Carnot groups with 
Carnot-Caratheodory metrics, and more generally Borel subsets of PI spaces, with 
the restricted measures. We recall (see Section [2]) that a differentiability space 
(A,/i) has a countable collection {{Ui,4>i)} of charts, where Ui Ui has full measure 
in X. Also, there are canonically defined measurable tangent and cotangent bun¬ 
dles TX, T*X, and for any Lipschitz function u : A ^ R, there is a well-defined 
differential du, which is a measurable section of T*X. 

Remark 1.5. We emphasize that the cotangent and tangent bundles are not on 
the same footing: the existence of the cotangent bundle follows quite directly from 
definition of differentiability space, whereas the tangent bundle is defined as the 
dual of the cotangent bundle i.e. TX = (TX*)*. It was observed in |CK09) that 
for PI spaces, given a Lipschitz curve 7 , for certain parameter values, one can define 
a velocity vector Y{t) £ Tr^^t^X and that such velocity vectors span the tangent 
space almost everywhere; in |CKj “span” was upgraded to “are dense”. As will be 
seen below, this new geometric characterization of tangent vectors was crucial to 
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subsequent developments including the papers |CK) . [Bat 14] and the main results 
of the present paper, a first example being Theorem 11.61 

For a Carnot group G with a Carnot-Caratheodory metric, the horizontal bundle 
can be canonically identified with the tangent bundle TG of G viewed as a PI space. 
This example indicates that in order to formulate a version of metric differentiation 
for a differentiability space {X, fi ), one needs to identify a measurable seminorm 
on the tangent bundle TX and a family of geodesics that will play the role of the 
family of horizontal geodesics. We first discuss these in the case of the identity map 
X ^ X^ initially focussing on the measurable seminorm on TX; the treatment in 
this special case may be viewed as part of the intrinsic structure theory of X itself. 

For the remainder of the introduction (X, fj,) will denote a differentiability space. 

The canonical norm on TX. We now consider several ways of defining a semi¬ 
norm on the tangent bundle TX; as indicated above, these will be used in the for¬ 
mulation of metric differentiation in the special case of the identity map X ^ X. In 
the first, we choose a countable dense set {xi} C X, and let : X —)• K be distance 
function Ui{x) = d{x,Xi). For every f, since the differential dui is a measurable 
section of the cotangent bundle, by duality it defines a measurable family of linear 
functions on the tangent spaces, and therefore \dui{-)\ defines a measurable family 
of seminorms on TX; taking supremum we may define 

||u||i = sup \dui{v)\. 

i 

As a variations on this, we may define || ■ II 2 and || • II 3 by replacing the collection 
of distance functions {ui} with the collections of all distance functions and all 1 - 
Lipschitz functions, respectively; note that this requires a little care since these 
collections are uncountable, see Lemma 12.331 Finally, it was observed in [Che99j 
that the pointwise upper Lipschitz constant induces a canonical measurable norm 
on the cotangent bundle T*X, and by duality this yields a norm || • II 4 on TX. 

Theorem 1.6 (See Section |6l). The seminorms described above agree almost ev¬ 
erywhere. In particular, they are all norms, and || • ||i is independent of the choice 
of the countable dense subset. 

We will henceforth use || ■ || denote the norms H-Hi, l<f<4on the full measure 
set where they are well-defined and agree. 

Generic curves and pairs. We now discuss the role of curves in differentiability 
spaces. For this we fix a particular choice of charts {{Ui, (fi)} as above. If 7 : / —> X 
is a Lipschitz curve, then one would like to make sense, for almost every t € I, of 
the velocity 7 ^(t) and its norm || 7 ^(t)||, where || • || is the norm from Theorem 11.61 
(compare (11.41) 1. Clearly this is impossible for an arbitrary curve 7 , since it could 
lie entirely in the complement of the set where the tangent bundle TX and the 
norm are well-defined. To address this, we work with generic curves, and generic 
pairs. Roughly speaking (see Section |3| for the precise definition) if 7 : J —>• X is 
Lipschitz curve and t S /, then the pair (pf,t) is generic if for some chart {Ui,<fii) 
of the differentiable structure, the time t is: 

• A Lebesgue density point of the inverse image 7 “^(t/i). 
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• An approximate continuity point of the measurable function {(pi 07)' : I — >■ 

• A density point of 7~^(F), where Y C X is a full measure subset of Uif/^ 
where the norm || • || is well-defined. 

The curve 7 is generic if the pair (7, t) is generic for almost every t G I. It fol¬ 
lows readily from the definitions that for any generic pair {’^^t), both the velocity 
vector 7'(t) G TX and its norm ||7'(t)|| are well-defined. More generally, we may 
use essentially the same notions when 7 is a curve fragment rather than a curve, 
i.e. a Lipschitz map 7 : C —>■ X, where C C M is closed subset; this additional 
generality is essential because a differentiability space might have no nonconstant 
Lipschitz curves. Also, if F and C are countable collections of Lipschitz functions 
and bounded Borel functions respectively, we may impose the additional require¬ 
ment that t is an approximate continuity point of (/ o 7)' and u o 7 for all f € F, 
u G C. 

Metric differentiation along curves. Using the notions of genericity above, 
we can formulate one aspect of metric differentiation, which is a statement about 
curve fragments. This uses the concept of the length of a curve fragment, which is 
straightforward extension of the length of a curve. 

Theorem 1.7. Suppose 7 : C ^ X is a curve fragment. 

( 1 ) If {jyt) is a generic pair, then t is a point of metric differentiability of'j in 
the sense that El holds with F = j, xq = t, and for pairs of points Xi, 
X 2 where the right-hand side is defined, and moreover || 7 '(t)|| = ||^|l 7 (i)- 

( 2 ) If 7 is generic, then the length of 7 is given by 

length(7) = f \\j'{t)\\dC, 

Jc 

where || • || is the norm of Theorem \1.6\ 

Theorem ll.Tl is essentially just an application of Theorem ll .61 and the method of 
proof of the 1 -dimensional version of metric differentiation given in |AK 00 b) , which 
exploits a countable collection of distance functions as in the definition of || ■ ||i; See 
( 12 . 51 ) and Theorem 14.31 

Remark 1 . 8 . We point out that unlike in the Carnot group case (and in particular 
M"), in a differentiability space (for instance the Laakso spaces [LaaOOj l one can 
have, for a full measure set of points x £ X, two generic pairs (71,^1), (72, ^2) such 
that 7i(ti) = X, the velocity vectors 7j(ti), 72(^2) coincide, but the curves are not 
tangent to first order in the sense that limsup^^Q '^lTibi-i-sh 72 (* 2 +g)) ^ Thus it 
somewhat surprising that the tangent vector alone controls the speed of the curve. 


The density of generic velocities in TX, and consequences. While the def¬ 
inition of genericity is convenient for stating results about individual curve frag¬ 
ments, in order to use it in statements about (X, p) that hold at almost every 
point, such as Theorem 1 1.71 it is crucial to know that generic curve fragments exist 
in abundance. This not at all obvious because the definition of a differentiability 
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space is based on the behavior of Lipschitz functions and does not involve curves 
explicitly; in particular it is not even clear why X should contain any curve frag¬ 
ments with positive length. To deduce the needed abundance, we invoke Bate’s 
fundamental work on Alberti representations and differentiability spaces. Bate’s 
work shows that one can characterize differentiability spaces by means of differen¬ 
tiability of Lipschitz functions along curve fragments. The main consequence that 
we will use here is that for ^-a.e. p € X, the set of generic velocity vectors is dense 
in TpX (see Theorem 15.31) . Here a generic velocity vector is the velocity vector 
l'{t) G T^(^t)X of a generic pair ( 7 ,t). 

Theorem If.61 and the density of velocity vectors leads directly to the following: 


Corollary 1.9. // m : A —> R is a Lipschitz function, then for p-a.e. p G X, the 
pointwise upper Lipschitz constant Lipit(p) is the supremal normalized directional 
derivative of u over generic pairs ( 7 ,t) with jit) = p: 


Lip u{p) = sup 


(uoiYit) 

h'WII 


{uojYjt) 

iiiikw 


( 7 ,t) generic, 7 (t) 


p, 7'(t) 7^ 0 


Corollary 11.91 has two further consequences. The first is a new proof of the 
characterization of the minimal generalized upper gradient in PI spaces as the 
pointwise Lipschitz constant (see Section l6.3p : this was one of the main results in 
[Che99] . The second is a new proof of the following recent result of the third author 
(see Section [6?2|) . 

Theorem 1.10 l |Schl3) l. // (A, fi) is a differentiability space, and u : A —>■ M is a 
Lipschitz function, then for fa-a.e. p & X we have LipM(p) = lipM(p). Here lipu(p) 
is the pointwise lower Lipschitz constant (Definition \2.25\) . 


We recall that [KeiOla] introduced the Lip-lip-condition for a metric measure 
space, which says that for some C G R, and every Lipschitz function m : A —>■ R, 
the upper and lower pointwise Lipschitz constants satisfy Lip u < C lip m almost 
everywhere. Keith showed that under mild assumptions on the measure, a metric 
measure space satisfying a Lip-lip-condition is a differentiability space. Combining 
this with Theorem [TTnl it follows that one may always take (7=1. We note 
that when (A, p) is PI space, or more generally a Borel subset of a PI space with 
the restricted measure, it followed from the earlier work |Che99) that Lip u = lip it 
almost everywhere. These results indicate a strong similarity between PI spaces 
and differentiability spaces. 

For more discussion of these results we refer the reader to the corresponding 
Sections. 


The structure of blow-ups. For a general differentiability space, there is no 
natural rescaling as in the Carnot group case, so to formulate an analog of the con¬ 
vergence of the rescaled pseudodistances (IE31), we consider sequences of rescalings of 
A with the measure p suitably renormalized, and take pointed Gromov-Hausdorff 
limits of the metric measure spaces, as well as the chart functions and Alberti 
representations. We give a brief and informal account of this here, and refer the 
reader to Section [7] for more discussion. For simplicity, in the following statement 
we assume in addition that A is a doubling metric space. 
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Theorem 1.11. For fi-a.e. x G X, if {Xj} is any sequence of scale factors with 
Xj —?► oo, and x G Ui, then there is a sequence {A'} such that the sequence 

{(A,X,A>,x) A(A,K"S</.,(x))} 

of pointed rescalings of the chart (fi : X ^ R"* subconverges in the pointed measured 
Gromov-Hausdorff sense to a pointed blow-up map 

where {X, fi) is a doubling metric measure space. Moreover: 

(1) When TxX is equipped with the norm || • || of Theorem \1.6[ then the map 
(fi : X ^ TxX becomes a metric submersion (see Definition \1.12\ below). 

(2) For every unit vector v in the normed space {TxX, || • ||), there is an Alberti 
representation of (l whose support is contained in the collection of unit 
speed geodesics 7 : M —>■ X with the property that o 7 : R —>• TxX has 
constant velocity v; furthermore, the measure associated to each such 7 is 
just arclength. This Alberti representation is obtained by blowing-up suitable 
Alberti representations in X. 

Definition 1.12. A map f : Y ^ Z between metric spaces is a metric submer¬ 
sion if it is a 1 -Lipschitz surjection, and for every yi G Y, Z 2 & Z, there is a 
2/2 G f~^{z 2 ) such that d{yi,y 2 ) = d{f{yi),Z 2 ). Equivalently, given any two fibers 
f~^{zi), f~^{z 2 ) C Y, the distance function from the fiber f~^{zi) is constant and 
equal to d{zi, Z 2 ) on the other fiber f~^{z 2 ). 

To aid the reader’s intuition, it might be helpful to look at the example (R^, C^), 
where on R^ we consider the /^-norm; as this norm is not strictly convex, one 
can obtain an Alberti representation of by using unit-speed geodesics in 
with corners, i.e. geodesics which do not lie in straight lines. Blowing-up such 
representations at a generic point, one obtains an Alberti representation of 
whose transverse measure is concentrated on the set of straight lines in R^. 

There are precursors to Theorem 11.111 in |Che99) in the case of PI spaces. In 
that case the blow-ups (tangent cones) are also PI spaces, the coordinate functions 
blow-up to generalized linear functions, and |Che99] proved the surjectivity of the 
canonical map Y —>• TxX. Distinguished geodesics of a different sort were discussed 
in |Che99] . namely the gradient lines of generalized linear functions; however, unlike 
the curves in the support of the Alberti representations of Theorem [TTTT](2), these 
need not be affine with respect to the blow-up chart cfi. 

Remark 1.13. The third author |Schl3] and David |Davl4) also have results related 
to Theorem ll.lll fll. They show that certain blow-up maps are Lipschitz quo¬ 
tient maps, which is a weaker version of the metric submersion property. The pa¬ 
per |Schl3) is concerned with the relationship between Weaver derivations [WeaOO] 
and Alberti representations without the assumption that one has a differentiability 
space, so the setup there is much more general than the one considered here. We 
point out that our results in Section [7] have natural counterparts in that general 
context, under the assumption that p is asymptotically doubling. We note that one 
of the main ingredients in Theorem II. Ill is a procedure for blowing-up Alberti rep¬ 
resentations, which has other applications. In particular, it allows one to blow-up 
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Weaver derivations under the assumption that the background measure is asymp¬ 
totically doubling. We point out that, as the metric measure space X does not 
need to possess a group of dilations, it is not trivial to find a correct way to rescale 
derivations and pass to a limit; however, by taking advantage of the representation 
of Weaver derivations in terms of Alberti representations proven in |Schl3] . one 
can use Theorem 17.111 to blow-up a derivation at a generic point. Moreover, as 
the blown-up Alberti representation is concentrated on the set of geodesic lines, 
the blown-up derivation corresponds to a 1-normal current (in the sense of Lang) 
without boundary. We refer the reader to Section [7] (in particular Theorem 17.151 
and Remark 1 7. 21) for more details. 

Theorem 11.111 implies that the blow-up of any Lipschitz function at a generic 
point is harmonic, in the following sense. 

Definition 1.14. Suppose (LL, C) is proper metric measure space, where C is a 
locally hnite Borel measure. Then a Lipschitz function u : W —>■ R is p-Lip- 
harmonic if for every ball B(x,r) C W, and every Lipschitz function : W —>■ K 
that agrees with u outside B(x,r), we have 



Theorem 11.111 yields: 

Corollary 1.15. Suppose u : A —> M is a Lipschitz function. Then for pi a.e. 
X G X, for any blow-up sequence as in Theorem there is a blow-up limit 
M : y —>■ M such that: 

(1) u is p-Lip-harmonic for all p > 1. 

(2) For any y G Y, r G [0, oo) we have vai{u,y,r) = r ■ Lip(u)(a:), where 
vaT{u.,y,r) is the variation of u over B{y,r): 

var(u, p, r) = sup{|u(z) - u{y)\ \ z G B{y, r)} . 

In particular, Lip({t)(p) = lip('u)(p) = Lip(tt)(a:) for all y gY , andLvp{u){x) 
is also the global Lipschitz constant of u. 

We remark that in the terminology of |Kei04al Sec. 6], part (2) of the corollary 
says that blow-ups are 1-quasilinear; this refines |Kei04al Sec. 6], where it was 
shown that blow-ups are A"-quasilinear for some K. 

It is an open question whether a blow-up of a differentiability space must be a PI 
space, or even a differentiability space. Corollary 1 1.1 51 may be compared with the 
result from [Che99] , which asserts that blow-ups of Lipschitz functions are gener¬ 
alized linear functions — p-harmonic functions with constant norm gradient. The 
proof in [Che99] is quite different however — it is based on asymptotic harmonicity 
and breaks down in differentiability spaces. 

The results above all speak to the broader topic of the infinitesimal structure of 
differentiability spaces. There are a number of open questions here. The present 
state of knowledge makes it difficult to formulate compelling conjectures or ques¬ 
tions in a precise form, but one may ask the following: 
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Question 1.16. If {X, /i) is a differentiability space, is there a countable collection 
{Ui} of Borel subsets of X, such that /r(X \ Ui Ui) = 0 and every Ui admits a 
measure-preserving isometric embedding in a PI space? 

If the answer is yes, then blow-ups of differentiability spaces at generic points will 
also be PI spaces, so one may approach this question by trying to verify that blow¬ 
ups have various properties of PI spaces, such as quasiconvexity, a differentiable 
structure, etc. It is of independent interest to gain a better understanding of the 
structure of blow-ups in the PI space case. Known examples suggest that the 
blown-up Alberti representations may have accessibility properties similar to the 
accessibility one has in Carnot groups. 

Remark 1.17. Since the preprint version of this paper was posted, there has been 
significant progress on these issues. It was shown in |Schl5) that at almost every 
point, any blow-up of a differentiability space is again a differentiability space. It 
was shown in [BLI5| that at almost every point, every blow-up of an RNP differen¬ 
tiability space satisfies a non-homogeneous Poincare inequality, and consequently is 
a quasiconvex RNP differentiability space; it was also shown [BLI5] that RNP dif¬ 
ferentiability spaces may be characterized by quantitative connectedness properties 
of universal Alberti representations, and by asymptotic non-homogeneous Poincare 
inqualities. 

The infinitesimal geometry of Lipschitz maps. We now return to the general 
case of metric differentiation. Consider a Lipschitz map F : X ^ Z, where Z is any 
metric space, and let p = pf be the pullback distance function dm. Our results in 
this case parallel what has been discussed above for the special case of the identity 
map idx : A —X, so we will be brief and focus on the novel features; see Section 
IHfor the details. 

The map F gives rise to a distinguished subset of the Lipschitz functions on X, 
namely the set of pullbacks uoF, where u : Z —> K. is Lipschitz, or equivalently, the 
set of functions u : A —>• R that are Lipschitz with respect to the pseudodistance g. 

Theorem 1.18 iTheorem 18. 6 |) . There is a canonical subbundle Wg C T*X such 
that the differential of any g-Lipschitz function u : A —>■ R belongs to Wg g-almost 
everywhere. Moreover, for any countable dense subset Dx C A, the set of differ¬ 
entials of the corresponding g-distance functions span Wg. 

One may construct several seminorms on TX analogous to the seminorms || • ||j, 
1 < j < 4 , of Theorem ll.6l For instance, given a countable dense subset Dx C A, 
we may define a seminorm by 

II • lli.e = sup{|dpa:| I X e Dx} , 

where is the p-distance from x; analogs of the other three seminorms are defined 
similarly, using the pseudodistance p instead of the distance function dx- 

Theorem 1.19 (Theorem 18.241) . The seminorms agree almost everywhere, giving 
rise to a canonical seminorm || • ||g on TX. 

Unlike in the case of the identity map, when p = dx, the canonical seminorm 
need not be a norm. Instead it induces a norm on the quotient bundle TA/W^ 










10 


JEFF CHEEGER, BRUCE KLEINER, AND ANDREA SCHIOPPA 


and a dual norm || • ||* on the canonical subbundle Wg C T*X; here C TX is 
the annihilator of the Wg C T*X, . 

There are two different ways to formulate metric differentiation in terms of blow¬ 
ups. In the first, we refine Theorem 11.111 bv bringing in the sequence of rescaled 
pseudodistances {Ajg} as well. After passing to a subsequence, these will Gromov- 
Hausdorff converge (in a natural sense) to a limiting pseudodistance g on Y. Then 
in addition to conclusions (1) and (2) of Theorem II.Ill we have: 

(3) When Y and TpX are equipped with the pseudodistance g and the semi¬ 
norm II • lie of Theorem 1 1. 191 respectively, the map (j)i :Y ^ TpX is a metric 
submersion. 

(4) For every unit vector v in the normed space {TpX, || • ||), there is an Alberti 
representation of ji whose support is contained in the collection of curves 
7 : M —>■ T with the property that o 7 : M ^ TpX has constant velocity 
u, 7 is a unit speed dy-geodesic, and a constant ||u||g-speed p-geodesic. 

A second way to formulate the blow-up assertion is to take an ultralimit of the 
map F : X ^ Z. We refer the reader to Section ISAl for the statements. 

One consequence of (4) is that the blown-up Alberti representations appear¬ 
ing in Theorem [TTTT](2) may be viewed as invariants of the differentiability space 
structure, in the following way. The definitions readily imply that if (A, /i) is a 
differentiability space, {Z, u) is a metric measure space, and F : (A, /i) —>■ {Z, v) is 
a bilipschitz homeomorphism that is also measure class preserving in the sense that 
pushforward measure A*/!, and u are mutually absolutely continuous, then {Z,v) 
is also a differentiability space. When A is doubling, for almost every p G X, we 
can then take a Gromov-Hausdorff limit of the the sequence of rescalings of F as 
in Theorem II.Ill to obtain a bilipschitz homeomorphism 

F:{X,p)^{Z,F{p)). 

This blow-up map F will preserve the blow-up measures up to scale, and will 
preserve the blow-up Alberti representations from Theorem ll.111 2) up to a change 
of speed that depends only on the choice of tangent vector v. 

Applications to embedding. In Section [9] we apply metric differentiation to 
Lipschitz maps between Garnot groups, Alexandrov spaces with curvature bounded 
above or below, and the inverse limit spaces in [GK13a] . showing that such maps 
are strongly constrained on an infinitesimal level. 

Further discussion. We now make some remarks about the evolution of some 
of the main ideas in this paper — generic velocities, the proof of abundance, the 
structure of blow-ups, and their distinguished geodesics. 

While [Che99| clarified many points at the foundation of PI spaces, the role of 
curves remained somewhat mysterious, and in particular velocity vectors to curves 
were not considered there. In fact, although Lipschitz curves were used in the 
original definition of a PI space by Heinonen-Koskela (which is based on upper 
gradients) there is an equivalent definition in which curves do not appear at all 
[Kein3j . 
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The first appearance of tangent vectors to curves in the context of PI spaces 
was in [CK09) . There a notion similar to generic velocity vectors was introduced, 
and it was shown that they span the tangent space at a typical point; in addition, 
there was a new characterization of the minimal generalized upper gradient, which 
may be viewed as a precursor to Corollarv ll.9l Metric differentiation for PI spaces 
was announced in [CK091 p.I020]. This was work of the first two authors, which 
led to an unpublished account of metric differentiation m that was similar in 
several respects to the present paper. For instance, it used a notion of generic 
velocity vectors, and contained a blow-up statement like Theorem II.Ill involving 
a distinguished family of geodesics with constant velocity in the blow-up chart; 
however, it did not use Alberti representations. We mention that is easy to see 
that the collection of nongeneric Lipschitz curves 7 : / —^ A has zero p-modulus, 
for every p. This yields a weak form of abundance of generic curves in the PI 
space case. A key ingredient in |CK| was a proof of the density of the directions of 
generic velocity vectors based on a much deeper argument that borrowed ideas — 
a renorming argument and the equality Lip u and the minimal generalized upper 
gradient — from [Che99] . 

Bate’s beautiful work on Alberti representations [BatI2l[BatI4] greatly strength¬ 
ened the connection between curves and differentiability, providing several different 
alternate characterizations of differentiability spaces in terms of Alberti representa¬ 
tions. His approach was partly motivated by the work of Alberti-Csornyei-Preiss on 
differentiability for subsets of R", and an observation of Preiss that the character¬ 
ization of the minimal generalized upper gradient in |CK09) implied the existence 
of Alberti representations for PI spaces [BatI4[ Sec. 10]. 

When [Bat 12] appeared, the third author used it to give a proof of Lip = lip 
based on a renorming construction, without being aware of the contents of m- 
Independently, the first two authors recognized that [Bat 1 2] could be used to give a 
stronger and more general treatment of metric differentiation, and proposed writing 
the present paper. 

Acknowledgements. We would like to thank David Bate, Guy David, and Sean 
Li for drawing our attention to errors in an earlier version of this paper. 


2. Preliminaries 

2.1. Standing assumptions and review of differentiability spaces. Through¬ 
out this paper, the pair {X, p) will denote a differentiability space; this means 
that {X,dx) is a complete, separable metric space, /r is a Radon measure, and 
the pair {X, p) admits a measurable differentiable structure as recalled below, cf. 
[Ghe!99l[Kel0^ . 

We briefly highlight the main features of a differentiability space, see below for 
more discussion: 

(1) There is a countable collection of charts {{Ua:4'a)}a, where Ua C X is 
measurable and (pa is Lipschitz, such that X \ iiJaUa) is /i-null, and each 
real-valued Lipschitz function / admits a first order Taylor expansion with 
respect to the components of </)„ : A —)• at generic points of Ua, i-e. 
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there exist a.e. unique measurable functions on Ua such that: 


Nc 


2=1 


(2.1) f{x) = fixo) + {4>a{x) - faixo)) 

+ o {dx{x,xo)) (for /r-a.e. xq € Ua). 


(2) There are measurable cotangent and tangent bundles T*X and TX (see 
also subsection 1 ^ . The fibres of T*X are generated by the differentials 
of Lipschitz functions, and the tangent bundle of TX is dehned formally 
by duality: part of the motivation of the present work is to give a concrete 
description of TX by using velocity vectors of Lipschitz curves. 

(3) Natural dual norms || • Unip and || • H^jp on T*X and TX respectively. The 
norm || • Unip is induced by the pointwise upper Lipschitz constant, i.e. for 
any real-valued Lipschitz functions / we have ||(i/||Lip = Lip/(a:) for /x- 
a.e. X € X. 

We recall that Lip/(x) denotes the (upper) point-wise Lipschitz constant of 
/ at X, that is: 

(2.2) Lip/(x) = limsupsup \ - f(^)\ . < r 

r\o L r 

We now give a brief review of some definitions from [Che991 IKeiOda] ; an expo¬ 
sition can be found in |KM11] . Let {Z,v) be a metric measure space. Let W be a 
(countable) collection of Lipschitz functions on Z. Then U is dependent at x S ^ 
if some finite nontrivial linear combination v of elements of lA is constant to first 
order at x, i.e. \v{y) — u(x)| = o(dx{x,y))). Alternatively, one can say that the 
pointwise upper Lipschitz constant Lipu of v vanishes at x. The dimension of 
Z/f at X is the supremal cardinality of a subset that is linearly independent at x; 
the dimension function Aiuru : Z —> N U {oo} is Borel whenever W is a countable 
collection. Suppose that U d Z \s a. Borel set with positive zz-measure, and that 
(j> : U ^ M" is Lipschitz. The pair {U,(j)) is a chart if the component functions 
4>i,... ,(j)n oi 4> are independent at v-a.e. x € U, and if for each real-valued Lips¬ 
chitz function /, the (n -I- l)-tuple {4>i, ..., (fm f) is dependent at v-a.e. x € U. In 
particular, there are, unique up to zx-null sets, Borel functions : U ^ M. such 
that the Taylor expansion (EH) holds for ly-a.e. Xq € U; in this case we also say 
that / is differentiable at xq "with respect to the 

A metric measure space {Z, v) admits a measurable differentiable struc¬ 
ture if there exists an countable collection of charts {{Ucnfia)}a such that Z \ 
(UaC/a) is zx-null. Without loss of generality, we will always assume that for each 
pair (a,/3), at each point oiUadUp the functions 4>a are differentiable with respect 
to the functions ifp. 

One says that a metric measure space (Z, i/) is (almost everywhere) finite 
dimensional if for any countable collection U of Lipschitz functions, the dimension 
diintx is finite almost everywhere. It follows from a selection argument |Che991 
IKeiOda] that when i/ is cr-finite, then {Z, v) admits a measurable differentiable 
structure if and only if it is hnite dimensional. Thus, apart from being a standard 
condition on a measure, cr-finiteness is a natural assumption in the present topic. 
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As the measure v only enters through its sets of measure zero, one really only cares 
about the measure class of v; hence if i> is tr-finite, then without loss of generality 
one may take iz to be finite. 

We finally give a brief justification of why we assume X to be complete in 
the definition of a differentiability space, which was also a working assumption in 
[BSlll[Batl2) . Suppose {Z, v) is a metric measure space, where Z is not necessarily 
complete. Denote by Z its completion, and let D be the pushforward of v under the 
inclusion Z ^ Z. Then any Lipschitz function u G Lip(Z) extends uniquely to Z, 
and since Z is dense in Z, the notions of dependence and dimension for a collection 
U C Lip(Z) at any x € Z agree with the notions for the corresponding collection 
U C Lip(Z). Hence {Z,i/) has a differentiable structure if and only if {Z,D) has a 
measurable differentiable structure. 

2.2. The metric derivative for 1-rectifiable sets. Let Z he a separable metric 
space and denote by dz the metric on Z. We say that a pseudometric p on Z is 
Lipschitz compatible if there is a nonnegative constant C such that: 

(2.3) g < Cdz; 

we say that a function f : Z ^ W is p-Lipschitz if there is a nonnegative C such 
that: 

(2.4) dw{f{zi)J{z2))<Cg{zi,Z2) {yzi,Z2€Z). 

Note that p-Lipschitz functions are necessarily d^-Lipschitz; when referring to the 
background metric dz we will simply use the term Lipschitz. We denote by 
the 1-dimensional Hausdorff measure on Z and by the 1-dimensional Hausdorff 
measure associated to the pseudometric g. 

We now recall metric differentiation results of [Kir94l lAKOObl IAT04] in the case 
of 1 -rectifiable sets. 

Let T be a Lebesgue measurable subset of R and let 7 : T —>■ Z be a Lipschitz 
map. We fix a countable dense subset {zi} of Z, and let Ui be the pullback of the 
pseudodistance function gz^{-) = g{-,Zi) by the map 7 . Then 7 has a p-metric 
differential p-md 7 : Y [ 0 ,oo), which is uniquely determined for a.e. t GY, 
and which has the following properties: 

(MDl): Rescalings of the pullback pseudometric 7 *p at t converge uniformly 
on compact sets to p-md 7 (t) dg, that is, the Euclidean distance scaled by 
the factor p-md 7 (t). 

(MD2): Consider a point t G Y such that: 

(1) The point t is a Lebesgue density point of Y ; 

(2) The derivatives of the functions {ui}i exist at t; 

(3) The derivatives are approximately continuous at t; 

(4) The function supj |u(| is approximately continuous at t. 

Then the p-metric differential exists at t and is given by: 

g-md'yit) = sup|u'(t)| . 


( 2 . 5 ) 
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(MD3): One has an area formula [Kir941 Thm. 7]: 

(2.6) [ #{t€Y : 7 (f) = z} d^K^iz) = [ g-md'yit) dC^{t). 

Jz JY 

In the case in which the metric differential refers to the metric dz we will use the 
symbol mdy instead of d^-mdy. 

2.3. Alberti representations. Alberti representations were introduced in [Alb93] 
to prove the so-called rank-one property for BV functions; they were later ap¬ 
plied to study the differentiability properties of Lipschitz functions / : > M 

[ACPOSi lACPlO) and have recently been used to obtain a description of measures 
in differentiability spaces [Batl2] . We first give an informal definition. 

An Alberti representation of a Radon measure /r is a generalized Lebesgue 
decomposition of g in terms of 1 -rectifiable measures: i.e. one writes /i as an integral: 

(2.7) n = J v^dP{-i), 

where {u-,.} is a family of 1-rectifiable measures. The standard example is offered 
by Fubini’s Theorem; given x € denote by the parametrized line in 

given by '){x){t) = x + tcn+i, then an Alberti representation of the Lebesgue 
measure is given by: 

( 2 . 8 ) C^=[ 

To make the previous account more precise we introduce more terminology. For 
more details we refer the reader to |Batl2] and [Schl31 Sec. 2.1]; note however, that 
we slightly diverge from the treatments in [Batl2l IS chi 3) because we discuss also 
unbounded 1-rectifiable sets: the need to do so becomes apparent in Section [T] 

Definition 2.9. A fragment in A is a Lipschitz map j : C ^ X, where C C M 
is closed. The set of fragments in X will be denoted by Frag(A). 

We need to topologize Frag(A); let F(R x X) denote the set of closed subsets 
of R X A with the Fell topology |Kec951 (12.7)]; we recall that a basis of the Fell 
topology consists those sets of the form: 

(2.10) {F e F(R X A) : F n A = 0, T n [/i 0 for i = 1,..., n} , 

where A is a compact subset of R x A, and is a finite collection of open 

subsets of R X A. Note that the empty set 0 is included in F(R x A) and that, if 
A is locally compact, the topological space F(R x A) is compact. We now consider 
the set Ac(R x A) = F(R x A) \ {0} which is, if A is locally compact, a Ao-, i.e. a 
countable union of compact sets. Each fragment 7 can be identified with an element 
of Ac(R X A) and thus Frag(A) will be topologized as a subset of Ac(R x A). We 
will use fragments to parametrize 1-rectifiable subsets of A. 

We now briefly discuss the topology on Radon measures that allows to make 
sense of an integral like (12.71) . Let C'c(A) denote the set of continuous function 
defined on A with compact support; recall that the set Cc(A) is a Frechet space. 
We denote by Rad(A) the set of (nonnegative) Radon measures on A; as Rad(A) 
can be identified with a subset of the dual of Cc(A), we will topologize it with 
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the restriction of the weak* topology. In particular, when we assert that a map 
tjj ■. Z ^ Rad(X) is Borel, we mean that for each g € Cc{X), the map: 



( 2 . 11 ) 


is Borel. 


Definition 2.12. An Alberti representation of the measure /r is a pair {P, v) such 


that: 


(Albl): P is a Radon measure on Frag(A); 

(Alb2): The map v : Frag —Rad(A) is Borel and, for each 7 € Frag(A), we 
have <C 'Kl ^, where 'Kl^ denotes the 1-dimensional Hausdorff measure on 
the image of 7 ; 

(Alb3): The measure g, can be represented as g = 

(Alb4): For each Borel set A C A and all real numbers b > a, the map 
j 1 -^ Vj {An 7 (Dom 7 n [a, 6 ])) is Borel. 

We now recall some definitions regarding additional properties of Alberti repre¬ 
sentations. 

Definition 2.13. An Alberti representation A = {P, v) is said to be C-Lipschitz 
(resp. (C, il)-biLipschitz) if P-a.e. 7 is C-Lipschitz (resp. (C, Il)-biLipschitz). 

Definition 2.14. Let a : X ^ [0, 00 ) be Borel and / : A ^ M be Lipschitz. An 
Alberti representation A = {P, v) is said to be have /-speed > a (resp. > a) if 
for P-a.e. 7 S Frag(A) and L Dom 7 -a.e. t one has (/ o 7 )'(t) > (j{j{t)) md 7 (t) 
(resp. (/o 7 )'(t) > cr( 7 (t))md 7 (t)). 

Another property regards the direction, with respect to a finite tuple of Lipschitz 
functions, of the fragments used in an Alberti representation. To measure the 
direction one can use the notion of Euclidean cone: 

Definition 2.15. Let 6 € ( 0 , 7 r/ 2 ), v € the open cone Gone{v,6) C K." 

with axis v and opening angle 9 is: 

(2.16) Cone(u,0) = {u S : taii6{v,u) > || 7 rj“u|| 2 }, 

where denotes the orthogonal projection on the orthogonal complement of the 
line Ku. 

Definition 2.17. Given a Lipschitz function f : X ^ R", an Alberti representation 
A = {P, v) is said to be in the /-direction of the open cone Cone(u, 0) if for 
P-a.e. 7 S Frag(A) and L Dom 7 -a.e. t one has {f °^y{t) £ Cone{v,9). 

For the purpose of this paper it will be convenient to obtain Alberti represen¬ 
tations with biLipschitz constants close to 1. We will thus use the following result 
|Schl31 Thm. 2.64]: 

Theorem 2.18. Let X be a complete separable metric space and g a Radon measure 
on A. Then the following are equivalent: 

(1) The measure g admits an Alberti representation A in the f-direction of 
Cone{v,9) with g-speed > a; 
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(2) For each e > 0 the measure admits a (1,1 + e)-biLipschitz Alberti repre¬ 
sentation A in the f -direction of Cone{v, 9) with g-speed > a. 

Moreover, one can always assume that the Alberti representation is of the form 
A = {P, v), where P is a finite Radon measure concentrated on the set of fragments 
with compact domain. Additionally, one can assume that v = h^ where h is a 
nonnegative Borel function of X and: 

(2.19) = 7tj (£^ L Dom7) , 

i.e. the push-forward of the restriction of the Lebesgue measure to the domain of^. 

Sometimes we will find it useful to restrict an Alberti representation A — 
{P, v) to a Borel set [/ C A by letting AlJJ = (P, viJJ). Other times one knows the 
existence of Alberti representations on subsets {Ua}a and would like to glue them 
together. This is accomplished by the following gluing principle |Schl3[ Thm. 2.46]: 

Theorem 2.20. Let {Ua}a be Borel subsets and suppose that for each a the mea¬ 
sure pL\-Ua admits a [C, D)-biLipschitz Alberti representation in the f-direction of 
Cone{v,9) with f-speed > a (or > a); then the measure /i L Ua admits 

a [C,D)-biLipschitz Alberti representation in the f-direction of Cone{v,0) with f- 
speed > a (or > a). 

2.4. Results from Bate and Speight. We now recall some results |BSllllBatl2j 
on the structure of measures in differentiability spaces. The original Theorems 
|Che991 IKei04a) on the existence of differentiable structures required the measure 
g to be doubling. Bate and Speight [BSllj found a partial converse of this: 

Theorem 2.21. If{X,g) is a differentiability space, then: 

• The measure g is asymptotically doubling, i.e. for g-a.e. x there are 
{Cx,rx) G (0,oo)^ such that: 

(2.22) g{B{x,2r)) <Cxg{B{x,r)) (Vr < r^). 

As a consequence, {X,g) is a Vitali space, i.e. the Vitali Covering Theorem 
holds in {X,g), and thus also Lebesgue’s Differentiation Theorem holds for 
g. 

• Every porous subset is g-null. 

It was shown in [Bat 141 Lemma 8.3] that if if (A, g) is asymptotically doubling, 
there are countably many Borel sets {Ua}a such that g{X \ Ua) = 0 and such 
that each Ua is doubling as a metric space. Moreover, the sets {Ua}a might be 
assumed to be closed or compact. 

Remark 2.23. In particular, at generic points of each Ua, one can obtain blow¬ 
ups/tangent cones of (A, g) by using Gromov’s Compactness Theorem (see Section 
Ej). In fact, as porous sets are /i-null, blowing-up (Ua, g\-Ua) at a point p of Ua 
which is a Lebesgue density point for g, and is also a point at which Ua is not porous 
in the ambient space A, will yield the same metric measure spaces as blowing-up 
(X,g). 


Recently Bate [Bat 12] made a deep study of the structure of measures in dif¬ 
ferentiability spaces by using Alberti representations; in particular, he was able to 
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obtain several characterizations of these spaces. For the sake of brevity we just 
summarize one characterization as follows: 

Theorem 2.24. The metric measure space {X^ fi) is a differentiability space if and 
only if: 

(1) The measure p is asymptotically doubling and porous sets are p-null; 

(2) There is a Borel function t : X ^ {0, oo) such that, for each real-valued 
Lipschitz function f, the measure p admits an Alberti representation with 
f-speed > T Lip /. 

In |Schl3) it was shown that one may take t = 1: in subsection 16.21 we provide 
a proof of this fact which is independent of the results in [Schl3) . To put this in 
perspective we recall the following definition: 

Definition 2.25. Let f : X ^ M.he Lipschitz. The lower pointwise Lipschitz 
constant of / at x is: 

(2.26) lip f{x) = lim inf sup ■( - f(^)\ . y) < r 

r\0 ( r 

In [KeiOdaj it was shown that the existence of a measurable differentiable struc¬ 
ture follows under the assumption that {X, p) satisfies a Lip-lip inequality: this 
means that there is a Lf > 1 such that, for each real-valued Lipschitz function /, 
one has: 

(2.27) Lip/(x) < iLlip/(x) (for ^-a.e. x). 

In particular, Theorem 12.241 implies that in a differentiability space the Lip-lip 
inequality holds by replacing the constant K with the function r; thus, showing that 
one can take r = 1 implies that the Lip-lip inequality self-improves to an equality. 
For the case of Pl-spaces, the Lip-lip equality was a main result of |Che99| . which 
followed from the more general result that, for p > I, Lip / is a representative of 
the minimal generalized upper gradient of /. 

The result of |BatI2) that we will mainly use is the existence of Alberti repre¬ 
sentations in the directions of arbitrary cones: 

Theorem 2.28. Let (C/, i/) be an N-dimensional differentiability chart for the dif¬ 
ferentiability space {X,p); then for each v G and each 0 G (0,7r/2), the 

measure p\-U admits an Alberti representation in the f)-direction of Cone(x, 0). 

2.5. Measurable Vector Bundles. In this paper we will work with measurable 
subbundles of the tangent and cotangent bundles associated to a differentiability 
space. Since we deal with different (measurable) seminorms on these subbundles, 
we need to introduce a bit of terminology to make the treatment precise. Let (H, S) 
be a measurable space; a E-measurable vector bundle over 11 is a quadruple 

{3a./3}(a,/3)G/v,n) SUCh that: 

(1) The index set /y is countable and {Ua}a£iv is a cover of ft consisting of 
S-measurable sets; 

(2) Each Na is a nonnegative integer and if ^ 0, then = Np; 
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(3) The (possibly empty set) ly.n consists of those pairs (a, /3) G /y x /y such 
that UaHUp ^ 0; 

(4) Each ga,i 3 is a E-measurable map ga,i3 : [/« n C/^ ^ GL 

If = sup^ Na < Qo the bundle V is said to have finite dimension N. 

A section cr of V is a collection of E-measurable maps aa ■ Ua ^ 

such that: 

(2.29) ga,pocra = crp- 

A measurable subbundle of V is a measurable choice of a hyperplane in each hbre. 
More precisely, let Gr (R-^, fc) denote the Grassmanian of unoriented fc-dimensional 
planes in then a subbundle W of V is a pair {{Ma}i^, {'('aj/v) such that: 

(1) Each nonnegative integer Ma satisfies Mq, < Na and if {a, 13) G /y,n, then 
Ma = Mp- 

(2) Each c))a is a E-measurable map (j)a ■ Ua ^ Gr (]R^“, Mq,); 

(3) For each pair (a, f3) G Iv,n the following compatibility condition holds: 

(2.30) ga,p{(i^a{x)) = (yX&Ua(3Up). 

We now turn to the construction of seminorms on V (or on a subbundle). 
Let Sem (R^) denote the set of seminorms on R^, and let Sem+oo (R^“) = 
Sem (R'^“)u{+oo}, which is viewed as the one-point compactification of Sem (R'^“). 
The element -|-oo is interpreted as the real-valued function on R^ which assigns 
value -|-oo to any non-zero vector and value 0 to the null vector. A seminorm (resp. a 
generalized seminorm) || ■ || on V is a collection {|| • ||Q,}ae/v of E-measurable maps 
II • lU : Ua Sem (R^“) (resp. Sem+oo (R^“)) which satisfy, for each (a,/3) G /y,n 
and each v G R'^", the following compatibility condition: 

(2.31) lklL(a;) = ||5a,/3(i^)||^(a;) (Vx G C/„ G C/^j). 

We will essentially work with measurable bundles where 11 = X, a complete 
separable metric space, and where E is the Borel cr-algebra. However, in the case 
of a metric measure space (AT,/r), we implicitly identify vector bundles, sections 
and seminorms which agree /r-a.e. For example, consider two Borel vector bun¬ 
dles V (.fv ; J }ae/v 5 } (cK,/3)e Jv,n ) ^Cld V (.^y ; 5 

identify them if: 

(1) Whenever fJ,{Ua H C/^,) > 0 one has Na = N'^r, 

(2) Whenver ^{UadUa,) > 0 there are a /i-full measure subset Va,a' C UaCiU'a, 
and a Borel map Ga,a' ■ fa,a' —GL (R^“), such that, if fJ.{U /3 fl U^,) > 0, 
one has: 

(2.32) ^ ga ,^(^ x ) — ga ', f 3 ' ^ Ga ^ a '^ x ) (for /i-a.e. X G G V)5^,g/). 

To construct seminorms on measurable vector bundles we will use often the 
following lemma. 
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Lemma 2.33. Let V be a measurable vector bundle over X and let {|| • 
a countable collection of seminorms on V. Then for x G Ua and v G let 

(2-34) IkllTa(^) = sup ||i;|| (x); 

tGT 

then {II • defines a seminorm || • ||y on V, which we call the supremum 

of the seminorms {|| • Moreover, suppose that there are a seminorm || • || 

on V and a C > 0 such that: 

(2.35) Ml. II-11 

holds uniformly in r. Then || • is a seminorm on V and one has: 

(2.36) MIt^CII.II. 

Suppose now that p is a a-finite Borel measure on X and let {|| . ||^ be a 

collection of seminorms on V which is allowed to be uncountable. Then there is a 
p-a.e. unique generalized seminorm ||. ||q, called the essential supremum of the 
collection {||. ||^ .jtjgn: which satisfies the following properties: 

(Ess-supl): For each section a of V and each u: gTI one has: 

(2.37) ||ct||j.j > ||cr||^ p-a.e.; 

(Ess-sup2): If II. II is another generalized seminorm satisfying then 

one has: 

(2.38) II. IIq ^ II ■ lln p-a.e. 

Moreover, if there are a seminorm || . || on V and a C > 0 such that: 

(2.39) ML^C-II.II 

holds p-a.e. and uniformly inuj, then || . ||j.j can be taken to be a seminorm satisfying: 

(2.40) ||•|lo<^^l|•|l T-a.e. 

Proof. The proof that || . ||.j, defines a generalized seminorm, which is also a norm 
under the additional assumption (12.351) . follows by unwinding the definition of a 
measurable vector bundle. To prove the second part of Lemma 12.331 we use the 
approach of [EK051 Prop. 5.4.7]. 

We first observe that (Ess-supl) and (Ess-sup2) are properties that hold up 
to /r-null sets, and thus we can construct ||. ||q independently on each V\Ua, where 
V\Ua denotes the union of the fibres of V over the points x G Ua. We can therefore 
assume that the cardinality of ly is one and identify V with the product U x M.^. 
Without loss of generality we can also assume that /i is a probability measure on U. 
We take a norm || . || on R^, and denote by and the corresponding unit 

ball and (A^ — l)-dimensional Hausdorff measure. We finally let tt be the probability 
measure 

(2.41) ^0 

We also observe that, by possibly increasing LI, we can assume that the collection 
{II ■ IL upward-filtering, i.e. for all pairs(w,w') G Ll^ there is an uj" G 

satisfying: 

(2.42) II . |L„ = 


maxjll. 11^ , II . 11^,}. 
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We now consider the increasing homeomorphism: 

(/j iK (0,1) 


(2.43) 


and observe that the random variables {(p (|| • are all nonnegative and have 

TT-expectations satisfying: 


(2.44) i?[(p(||.|L)]<l. 

Thus the supremum: 


(2.45) q = sup [E [ip (II • 11^)] : || • ||^ G ft} 

is finite, and we let T = {|| • ||,^^} denote a maximizing sequence: 

(2.46) \im E[p {[[■[[ )]= q. 

The proof is completed by showing that || • ||y satisfies (Ess-supl) and (Ess-sup2). 

We first address (Ess-supl): suppose that one has || • ||^ > || • ||y on a set of pos¬ 
itive measure. Then, considering the sequence of norms {max {|| • IL„ , || • IL } } C 
one contradicts (|2.46l) . 

We now address (Ess-sup2) and take a norm || • ||^ satisfying (I2.37p . Let A C U 
be a set of positive ^-measure: we claim that one has: 

(2.47) 

[xAxR^V^dl • IL„)] = suplElx^xR^V^dl • IL)] : w G 11} = EIxaxR^^pHI ■ IIt)] • 

In fact, if any of the equalities in (I2.47P failed, using that p is positive and that 
the collection {|| ■ ||^ .}<.jgn is upward-filtering, one would contradict (12.461) . As p is 
increasing, we have 

(2.48) E [xaxr'^'P (II • lln)] > E [xaxr'^V’ (II • IL„)] , 

and from (12.471) it follows that: 

(2.49) E [xaxr^v^J (II • lid)] > E [xaxr'vV? (II • IIt)] > 

from which (12.381) follows. □ 


3. Generic points and generic velocities 

In this Section we fix a complete separable metric space X and introduce a notion 
of genericity for pairs (7, t) G Frag(W) xR; this notion of genericity will be specified 
in terms of a quadruple {E, C, <S, Dx) such that: -F is a countable collection of real¬ 
valued Lipschitz functions defined on A, C is a countable collection of real-valued 
bounded Borel functions defined on X, Dx is a countable dense subset of X, and 
sS is a countable collection of Lipschitz compatible pseudometrics on X which will 
always include the metric dx- 

Definition 3.1. We say that the pair ( 7 ,^) is (A, C, 5, Dx)-generic if: 

(Genl): The point t is a Lebesgue density point of Dom( 7 ); 

(Gen2): For each f € E the derivative (/ o 7 )' exists and is approximately 
continuous at t; 
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(Gen3): For each u £ C the function u o 7 is approximately continuous at t; 

(Gen4): For each x £ Dx and each g £ S the derivative {qx o 7)' exists and 
is approximately continuous at t; 

(Gen5): For each g £ S the function sup^g^,^ \{gx o 7 )'(t)| is approximately 
continuous at t. 

In the case in which S consists only of dx we will just write Dx)- Whenever 

a default choice of the set Dx is assumed, we will omit Dx from the notation. 

Remark 3.2. We remark that the proof of |AT04[ Thm. 4.1.6] shows that at a point 
t where (Genl), (Gen4) and (Gen5) hold, the g-metric derivative p-md 7 (t) exists 
and equals sup^j.^^,^ \{gx o 7 )^(t)|- Thus, if ( 7 ,t) is (J^, C, <S, T>x)-generic, for each 
g £ S the g-metric derivative exists and is approximately continuous at t. 

We point out that, in the case of a differentiability space {X, /i), Definition l3.1 l has 
a natural interpretation in terms of the ^-tangent bundle TX. Let {{Ua, </'a)} be an 
atlas for {X, g) and suppose that T contains the components of all the coordinate 
functions {4>a}^ and that C contains all the characteristic functions {xUc,}- Suppose 
now that ( 7 ,t) is {D,C,S, I?x)-generic and that 7 (t) £ ]J^ Ua] then 7 '(t) is a well- 
defined element of TX. We are thus led to the following definition. 

Definition 3.3. A (X, C, 5, Dx)-generic velocity vector is an element of TX 
of the form 7 '(t), where ( 7 ,!) is {D,C,S, T>x)-generic and 7 (t) £ Uq, Ua- As above, 
in the case in which S consists only of dx, we will just write {T,C, Dx), and we 
will omit Dx from the notation if a default choice of the set Dx is assumed. 

We now establish measurability for generic pairs. 

Lemma 3.4. The set 

(3.5) G{T,C,S,Dx) ={h:t) ■ h,t) is (T,C,5,Dxj-generic} 

is a Borel subset o/Frag(X) x R. 


Proof. We prove that G{T, C, S, Dx) is Borel by showing that certain sets are Borel. 
Let DOM denote the set of pairs ( 7 ,t) such that t £ Domy: 

(3.6) DOM = {( 7 , t) £ Frag(X) x M : t £ Domj} ; 

then DOM is closed. Fix (5 > 0 and consider the set of pairs ( 7 , t) where t becomes 
isolated below scale 6: 

(3.7) ISOL(5) = {( 7 , t) £ DOM : Dom 7 Cl {t — S,t + S) contains only one point} ; 

then ISOL((5) is closed and ISOL = U 5 gQ>o IS0L((5) is Borel and consists of the 
pairs ( 7 , t) where t is an isolated point of Dom 7 . We can thus attempt to define, for 
a Lipschitz compatible pseudometric g, the gi-metric derivative and, for / Lipschitz, 
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the derivative of / at pairs in DOM \ ISOL. Consider the set: 

(3.8) 

MDIFF(p) = {( 7 ,t) S DOM \ ISOL : p-md 7 (t) exists} 

= n u (7,t) € DOM \ ISOL : Vsi, S 2 £ {t — S,t S) D Dom7, 

eeQ>o (5,^)€Q>oxQ>o 

|£'(7(si),7(s 2)) - 6»|si - S 2 II < £|si - S 2 I 

this set is Borel as all the sets in the curly brackets are closed in DOM \ ISOL. 
Modifying the definition of MDIFF by constraining 9 to lie in a specified interval 
we also conclude that the map: 


(3.9) 


MDer(p) : MDIFF [0, 00 ) 

( 7 , t) HA p-md 7 (t) 


is Borel. Consider now a real-valued Lipschitz function / defined on X; the set 
DIFF(/) where (/ o 7 )'(t) exists is Borel because we can write it as: 

(3.10) 

DIFF(/) = {( 7 , t) G DOM \ ISOL : / o 7 is differentiable at t} 

= n u ( 7 , t) G DOM \ ISOL : Vsi, S 2 G (t — (5, t -I- (5) 17 Dom 7 , 

e€Q>o (<5,0 )gQ>oxQ 

1 / o 7 (si) - / o 7(^2) - 6»(si - S2)| < e|si - S2I 

where the sets in curly brackets are closed in DOM \ ISOL. Constraining the 9 
appearing in the definition of DIFF(/) to lie in a given interval we conclude that 
the map: 


(3.11) 


Der(/) : DIFF(/) ^ R 

{l,t) (/o7)'(t) 


is Borel. Regarding condition (Gen5) we need also to take a sup of derivatives 
when they exist; so let D be a countable set of Lipschitz functions; then the set: 


(3.12) 

and the map: 

(3.13) 
are Borel. 


DIFF(D) = (7 DIFF(/) 
/eo 


|Der(D)| : DIFF(D) ^ K 

(7,t) HA sup|(/o 7 )'(t)| 

/en 


We now turn to questions pertaining to the approximate continuity of a function 
at a point in the domain of a fragment. For L > 0 we will denote by SUB(L) the 
closed set of those fragments whose domain lies in [—L,L]. Suppose now that we 
are given a Borel set B C DOM and a Borel map i/i : i? R. For [e, 6, L) G (Q>o)^ 
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let: 

^(£, 5, L, B,^) = l ( 7 , t, s) € Frag(X) x : 7 G SUB(L), 

(3.14) ^ 

€ B, \t- s\ < S and |V'( 7 ,i) -V'( 7 ,s)| <e|; 

the set 'i>{e,S,L,B,'tj}) is Borel and [Kec95l Thin. 17.25] shows that the map: 
Leb(£, 6, L, B,iIj) : B ^ M. 

is Borel. It is then easy to prove that the sets of pairs ( 7 , t) where some map is 
approximately continuous at t is Borel; in fact, first define: 

(3.16) 

ACONT(i/:) = u n u n { ( 7 ,t) G B : 7 G SUB(L), 

-^£Q>o £^£Q>o '^£Q>o 

and for each r < S one has Leb(£, r, L, B, ' 0 )( 7 , t) > 2(1 — e)r >, 


which is a Borel set; then, for example, ACONT(MDer((ijs:)) consists of the pairs 
( 7 , 1 ) where md 7 exists and is approximately continuous at t. In order to handle 
the approximate continuity for a Borel map m : A ^ R we introduce the notation 
Ev(m) to denote the Borel map which evaluates u at 7 ( 1 ): 

Ev(u) : DOM ^ R 

( 3 - 17 ) , , 

(7,t) i-A uo7(t). 


Letting ijj : DOM —>■ R to be the function which trivially maps each pair ( 7 , t) to 0, 
we see that ACONT('!/)) = LEBDENS is the set of pairs ( 7 , t) where t is a Lebesgue 
density point of Domy. 


We finally conclude that G{B,C,S,Dx) is Borel by observing that: 

G{J^,C,S,Dx) = Pi ACONT(MDer(£.)) O f] ACONT(Der(/)) 

qGS f 

18 ) ^ n ACONT(Ev(u)) n p ACONT(Der(p^)) 

u^C x^Dx,Q^S 

n P ACONT(|Der|({£.,,},,gD^)) n LEBDENS. 

Q^S 

□ 


4. Metric Differentials and seminorms on TX 

In this Section we discuss the first instance of metric differentiation. Theorem 
14.31 The point is that in the presence of a differentiable structure, the dfFmeasure 
of a fragment 7 can be recovered using a seminorm (canonically associated to g) on 
the tangent bundle TX associated to the differentiable structure. Let {X,fi) be a 
differentiability space with atlas {{Ua, 4>a)}, and hx a countable dense set Dx C X. 
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Definition 4.1. Let 4) be a countable collection of Lipschitz functions on X] we 
say that a Borel subset V C IJq, Ua is a $-difrerentiability set if: 

(Diffl): The set V has full ^-measure: ((J^ Ua\V) = 0; 

(DifF2): For each {x, f) GV x^, ii x € Ua, then / is differentiable at x with 
respect to the coordinate functions 

Let ^Dx,e — { 0 ^ ■ ^ ^ and let be a <f’£)^_g-differentiability set. Using 
Lemma 12.331 we obtain a seminorm || • ^ on TX by defining, for y G V and 

V G TyV: 

(4-2) ||p||£,^ = sup \y (u)|. 

x€Dx 

Theorem 4.3. Let {X,C,S, Dx) be as in Section[3] and let V be a ^Dx,g~bl''iffsrentiability 
set. Assume that X contains all the components of the coordinate functions (fa, that 
C contains the characteristic functions {xUc,}a U {xv}, and that g G S. Ifx'it) is 
an {X,C,S, Dx)-generic velocity vector and ifx{t) € V, then the metric differential 
g-rad'yit) exists and equals ||7^(t)||x)x g- In particular, if a fragment j lies inV, we 
have: 

(4-4) 'K\{lva.-f)= [ \W{t)\\Dx,e^^- 

J Dom 7 

Proof. To fix the ideas suppose that 7 (f) S Ua- Because of conditions (Gen4)- 
(Gen5), the argument in [AT041 Thin. 4.1.6] implies that 

(4.5) g-md'y{t)= sup o 7)'(0I ; 

xGDx 

as 7 (t) G V, for each x G Dx the pseudodistance function g^ is differentiable at '){t) 
with respect to the coordinate functions (fa note also that o 7 is differentiable 
at t by condition (Gen2). Thus, 

(4.6) (fe o 7 )'(t) = ^ ^{j{t)) {(fl^ o 7 )' (t) = dg,, |^(t) ( 7 '(f)), 
which implies 

(4-7) sup |(fe 0 7 )'(f)| = || 7 '(f)||^^_^. 

x^Dx 

Formula (14.41) follows from the area formula (12.61) for the pseudometric g by observ¬ 
ing that for a fragment 7 which lies in V, for £^-a.e. t G Dom 7 , the velocity vector 
Y(t) is (J", C, 5, ilx)-generic. □ 

In Section!^ iTheorem 18.241) we will show that for different choices Dx and Dx 
of the countable dense set, the seminorms || • \\d^ g and || • g are the same. The 
proof uses the density of directions at generic points which is discussed in the next 
Section. For the case in which g = dx this follows from Theorem 16.11 

5. Density of generic directions at generic points 

In this Section we show that for /i-a.e. x G X the set of vectors in T^X which 
can be represented by {T, C, S, Dx)-geneTic velocity vectors contains a dense set of 
“directions” in T^X. We make this idea precise with the following definition: 
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Definition 5.1. If is a finite-dimensional vector space, we say that a subset 

W C V contains a dense set of directions if: 

(5.2) [0, oo)W = {twltG [0,oo), w€W} = V. 

We now fix an atlas {{Ua, (l)a)}a for the differentiability space {X, and let 
denote the dimension of the chart For each a let {Cone(i;a_fe, 

denote a collection of open cones with {va^k] C dense in the unit sphere 

and limfc_^oo 0a,k = 0. Using Theorem 12.281 we find Alberti representation Ak = 
{Pk, Vk) oi ^ such that, for each a, the restriction Ak L Ua is in the ())Q,-direction of 
Cone{va,k,0a,k)- 

Theorem 5.3. Let Fq C Frag(A) be a Borel set such that, for each k one has 
Pk (Frag(A) \ Tq) = 0; and let {tF,C,S, Dx) be as in Definition \3.A Then there is 
^-measurable subset Y G X with full ^-measure such that, for each x gY, the set 
of velocity vectors 

(5.4) Gx = G T„;X I V = 7 '(t) for 7 G Fq 

such that "i'(t) is {P,C,S,Dx)-generic)^, 
contains a dense set of directions in T^X. 

Proof. Let Zk C X x Frag(A) x R consist of those triples {x,j,t) satisfying: 

( 1 ) Y{t) is an (J^, C,5,Ilx)-generic velocity vector; 

(2) 7 (t) = X and 7 G Fq; 

(3) If 7 '(t) G Ua, then {(fa oi)'{t) G Coiie{va,k,0a,k)- 

Using Lemmawe conclude that Zk is Borel, and therefore its projection Yk C U 
on X is Suslin [Kec95] . and hence /i-measurable. Note that for each 7 G Fq, as is 
absolutely continuous with respect to one has Uk{G){^\Yk) = 0 , and therefore 
/r(A \ Yk) = 0. We conclude that Y = 1^, is a ^-full measure /r-measurable 

subset of X. Let x GY PUa, and let v G T^X; then for each £ > 0 we can find a k 
such that, for each w G Cou.e{va,k, 0a,k), there is a G [0, 00 ) with: 

(5.5) llu - tu,w ||;2 < e||i;||; 2 ; 

but as a; G U n Ua, there are a fragment 7 ^ G Fq and a tfe G K such that the vector 
7fc(^fc) S PxX is (J',C,5, £>x)-generic and {(fa o 7 fc)'(tfc) G Cone{va,k,6a,k)', thus 
there is an Sk G [0, 00 ) with 

(5.6) llu - Sk{(fa ° lk)'{tk)\\i2 < e||i;||i2, 

which implies [0,oo)Ga; = T^X. □ 

6. Consequences of density of generic directions 

In this section we prove the equality of various seminorms on TX (Theorem ll.fiL 
the equality Lipu = lipu a.e. (Theorem 11.101) . and give a new proof that in PI 
spaces the minimal generalized upper gradient agrees with the pointwise Lipschitz 
constant. 
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6.1. Equality of natural seminorms on TX. The main result in this subsection 
is the proof of Theorem ll.61 which is based on the following result. 

Theorem 6.1. Let {X,^) be a differentiability space and Dx <Z X a countable 
dense set. Then the seminorm || • on TX provided by (taking g = dx) 

coincides with the norm || • Hop (see Section [2J\) : in particular, the norm || • 
does not depend on the choice of Dx ■ 

Notation: After proving Theorem ll.61 we will change to the notation || • ||ta, 
II • ||t*a or simply || • || to denote the canonical norms on TX and T*X. 

Theorem [6T] can be regarded as an infinitesimal version of metric differentiation 
for the identity map id : A —> A; its proof uses the following lemma: 

Lemma 6.2. Suppose that (V, || • ||) is a finite dimensional normed vector space, 
with dual space {V*, || • ||*). Let W be a subset of the closed unit ball B{\\ • ||) C E, 
such that: 

(HI): For every w G W, there is a linear functional € V* with ||q:u)||* < 1, 
such that aw(w) = 1; 

(H2): The set W contains a dense set of directions. 

Then: 

(1) For all w €W one has ||atu||* = 1; 

(2) The set W is a dense subset of the unit sphere 5'(|| ■ ||); 

(3) The seminorm on V defined by sup,^,g^y |q^u)(')I agrees with || ■ ||. 


Proof. Note that by (HI) each a^j has unit norm (which implies (1)) and that each 
vector w GW has unit norm, which implies that W C Adi • ||). Let v G A(|| • ||); by 
(H2), for each £ > 0 there are a G W and ate G [0, oo): 

( 6 . 3 ) \\v-teWe\\<e; 

let fiy a unit norm functional on V assuming the norm at v. Then ( 16 . 31 ) implies: 

( 6 . 4 ) - tel3viwe)\ < e-, 

as \l3y{we)\ < 1, the previous equation implies tg > 1 — £. On the other hand, 
evaluating with , (ESI) gives 

( 6 . 5 ) Wwffv) -te\<£] 


as the functional has unit norm, te < 1 + e. We thus conclude that 

(6.6) llw - WeW < llu - teWeW + ||(1 - te)We\\ < 2e, 
implying (2). Note that, as the functionals ay, have unit norm, 

(6.7) sup ||ai„(-)|| < II • II- 

w^W 

On the other hand, for each r; G F \ {0} and each £ > 0, choose We GW with 
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then 

(6.9) 

implying that: 

( 6 . 10 ) 

from which (3) follows. 


> 1-e, 


sup ||a^(-)|| > (1 -e)|| • II, 

w^W 


□ 


Proof of Theorem 16.11 Let y be a differentiability set for the countable collection 
of Lipschitz functions {dx{-,x) : x S Dx}- We let T contain the components of 
the coordinate functions, C contain the characteristic functions of the charts, and 
S = {dx}- Let Y be the set provided by Theorem 15.31 we will show that for each 
p G Y r\ V the norm || • and the seminorm || • ||^^ coincide on the fibre 
TpX. Let Y{t) G Gp{T,C, Dx) with Y{t) yf 0; then md 7 (l) 0. Without loss of 
generality we assume that p belongs to the chart Ua and we consider a functional 
Oi dcj)^ 


Q, ipG TpX; then: 


( 6 . 11 ) 


' Nc 




I'jt) 

“ md7(i) 


(</>L °7)'(i) 


md7(t) 


choose s„ \ 0 such that t + s„ G Dom 7 and note that 


No, 




= lim 


a* ° 7) (^ + Sn) - (C ° 7) [t)) 


( 6 . 12 ) 


< lim sup 

n^oo 


Ei=l Oi ((C o 7 ) (t + s„) - (()>*„ O 7 ) (t)) 


< 


X lim sup 

n—¥oc 

No. 

^ a* d4>l 

2 = 1 


dx{l{t + s„), 7 (t)) 

dxilit + Sn),l{t)) 


id7(t); 


T*X 


we thus conclude that: 

' No , 


(6.13) 




\ 2=1 


i{t) \ 

id7(t) j 


< 


No, 




2=1 


T*X 


which implies G S(|| • \\j,^ (x)). 

Let 

i{t) 


: 7 '(t) ^ 0 and 7 '(t) G Gp{J',C,Dx) > ; 


by Theorem l5.3l the set Wp contains a dense set of directions in TpX. Theorem 14.31 
implies then 

(6-15) || 7 '(f)||^^^^^ =md 7 (t), 

and so we can find a sequence lp| 


CB\ 


\\T*X 


) such that: 
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(1) We have: 

(6.16) lim ( |p,7'(0 ) = md 7 (t); 

(2) For each k there is an Xk € Dx with: 

(6.17) d jdxj-, Xk)) \p= ai,k |p . 

By compactness we can find a subsequence of Ip| converging to 


(6.18) 


\\T‘X 


). Now, (16.1611 implies that 


UJ^ 


= 1 ; 


, y(t) 

Vmd7(t). 

so for w £ Wp of the form let a^, = oJ-y'it)] applying Lemma|6]2]we conclude 

that: 


(6.19) \\.\\^^{p)= sup |a,^(-)|; 

wGWp 

but Lemma 16.21 implies also that Wp is dense in S' (|| • \\j,^ .) and by (16.181) we 
conclude that for w' £ Wp-. 

(6.20) sup |a,„(u;')| = 1 = , 

wGWp 

from which we have || • \\j,^ (j>) = || • (p). □ 


Proof of Theorem \1.6'[ Let || • ||i-|| ■ jja be the seminorms as in Theorem nn con¬ 
structed using Lemnia l2.33[ and let || • II 4 be the dual Lip norm || • Ulip- Clearly we 

have II • 111 < IIMb. 

We claim that 

(6.21) II • lb < II • llbp M-a.e. 

To see this, recall that by Lemma 12.331 there is a countable collection {fi} of 1- 
Lipschitz functions such that for p-a.e. p £ X, the differentials dfi{p) £ T*X are 
well-defined, and 

II • hip) = sup|d/,(p)|. 

i 

Recalling that for p, a.e. p £ X we have ||d/i(p)||Lip = Lip/i(p), we get that for p 
a.e. p £ X, every i, and every v £ TpX, 

ldA(v)l < ||d/i||Lip • IbllLip = Lip/,(p) • iiullbp < IblILp 
since fi is 1-Lipschitz. Taking supremum gives (I6.2ip . 

By Theorem 16. ll we have || • ||i = || ■ ||£;p p-a.e., so Theorem II.61 follows. □ 
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6.2. A new proof of lip / = Lip / in differentiability spaces. In this subsection 
we provide a proof, independent of the one given in [Schl3] . of the following result: 

Theorem 6.22. Let be a differentiability space and / : A — > M Lipschitz. 

The for all (e,a) € (0,1)^ there is a (1,1 + e)-biLipschitz Alberti representation of 
/i with f-speed > crLip/. In particular, 

(6.23) Lip/(x) = lip/(*) for pi-a.e. X. 

The equality (16.2311 generalizes one of the main results in [Che99l Thm. 6.1], 
which is a consequence of the fact that, in a Pl-space (A,^), the function Lip/ 
is a representative of the minimal generalized upper gradient gf of /. This last 
statement does not make sense in a general differentiability space as one might 
have gf < Lip/ on a positive measure set, e.g. because A might not contain 
enough curves and one might then have gf = 0. However, in a differentiability 
space the concept of the maximal slope of f along fragments passing at time t = 0 
through x and having 0 as a density point of their domain, remains useful and can 
be interpreted as the size of the gradient of f. The result (16.231) is also proven 
in |Schl3| in a conceptually different way, and there it is also shown that in a 
differentiability space one has Lip / = \df\, where \df\ is the local norm of the form 
df, which is the Weaver differential form associated to the function /. The proof 
of Theorem 16.221 relies on the following lemma. 

Lemma 6.24. Let || • ||;2 denote the standard P-norm on and let jj • jf denote 
another norm on satisfying: 

(6.25) <||-|r<C||.||,2. 

Then the diameter of the set Cone(v, 0) lb 5 (|| • |f), with respect to the norm jj ■ jj^, 
is at most 

(6.26) 4C^(1-cose + sine). 


Proof. Let Vi,V 2 S Cone(i;, e) (~l S'(|| • |f); then we can find Mi,M 2 G S')]] • jjp) such 

that: Vi = now 
* ll“dl ’ 


( 6 . 27 ) ||ui — M 2 II /2 < 2(1 — cose + sine) 

by using the definition of Euclidean cone. Observe also that ( 16 . 251 ) implies: 

( 6 . 28 ) I ||mi||' - ||u 2 |n < ||mi - U 2 \\' < 2 ( 7(1 - cose + sine); 


thus 


( 6 . 29 ) 


Ml 

U2 

/ 

Ml M2 , M2 M2 

hiir 

11^211' 


||mi||' ||mi||' ' ||mi||' ||M2|r 


, \\U1-U2\\' , ||M2ir III ||/ 

■ ii^iii iimir iiu2ir. 

<C'||U1-U2||' + C|||U1||'-||U2||' 
< 4(7^(1 — cose + sine). 


□ 
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Proof of Theorem \6.22[ We fix an iV-dimensional chart {U,(j)) and a countable 
dense set Dx C X. We will show that, for each (e,cr) G (0,1)^, the measure 
fi\-U admits a (1,1 + e)-biLipschitz Alberti representation with /-speed > a Lip /; 
the result about ^ will then follow by applying the gluing principle Theorem 12.201 

We first consider the special case in which / is of the form {vq , (/) for some 
Vq € \ {0}. For each p G (0,1) we can use Egorov and Lusin Theorems to find 

disjoint compact sets Ca G U, and dual norms || ■ ||^ and || ■ ||* on such that: 


(6.30) 


= 0 ; 

\ a / 


II • IIta < II • IL < (1 + ^) II • IIta (on the fibres of TX\Ca); 

(6.31) 

II ■ IIt*a ^ II • lla < (1 + ^) II ■ IIt*a (on the hbres of T*X\Ca). 

By Theorem 16.II we can also assume that on the fibres of each TX\Ca one has: 


(6.32) 


ITA 


lDx,dx 


Having fixed a, we will show that p, L Ca admits a (1,1 + £)-biLipschitz Alberti 
representation with {vq , (j))-speed > a for each a G (0,1); the result about 

p\-U will follow again by using Theorem 12.201 As we can rescale Vq, we can assume 
that IIuqII* = 1; we will denote by uq G S' (|| • ||^) a vector where Vq assumes the 
norm. We let M denote a constant such that: 

1 

M 


(6.33) 


1 + < 


<M||. 


We fix Eq G (0:1) and 0 G (0,7r/2) and, using [52H1 and Theorem 12.181 we find 
a (1,1 + eo)-biLipschitz Alberti representation A of p L. Ca in the (()-direction of 

Cone ( ||t;o°|j 2 ’ • het ^ contain the components of (j) and {/}, and let C contain 

Xu- Using the Alberti representation A and (16.321) we conclude that for p\_Ca-B..e. p 
there is an (J", C)-generic velocity vector y/t) G TpX such that: 


md7(t) = ||7'(i)|lTA G [1:1 + eo]; 


(6.34) 


{(j) o xYit) G Cone 


■^0 


Ikoll, 


In particular, (16.341) and (I6.31|) imply that: 

1 


(6.35) 


ll7'(i)ILG 


_1 + ?7 


(1 + ? 7)(1 + Go ) 


We now use Lemma 15. 241 to get 
(6.36) 


II(<('°7)'(i)IL 


Vo 


< 4M^(1 — cos 9 + sin0); 


as 


(6.37) |1 - ||(^!) o 7)'(t)||„| < max (^1 - (1 + ??)(1 + £o) - 1^ , 

































METRIC DIFFERENTIATION 


31 


we obtain 

||((/) o 7 )'(t) - no||„ < 4M^(1 - COS0 + sinS) 

(6.38) + max - Y^—, (1 +?7)(1 + £o) - 1 

= a{T],eo,e), 


where lim^ a(? 7 , Sq,6) = 0. Recall that t S Dom 7 is a Lebesgue density point, 

and assume that {vQ,(j)) o 7 , which is ML((^)(1 + £:o)-Lipschitz because of (I6.33L 
has been extended to a neighbourhood of t by using MacShane’s Lemma: 


(6.39) 


pt-\-h 

°lit + h) - {vo,(l)) Olit) = J ((uo,</)) 07 )'(s)ds 

((wo,*/*) o7)'(s) 


J [i,t+/i]nDom 7 

— M'L{4>) (1 + £Q)C^{[t, t + h]f\ Domy) 

'-V-" 

o(h) 

-- [ {vo,vo)ds 

J [t,t+/i]nDom 7 


+ [ {vo,i(l }0 7yis)-vo)ds + o{h) 

J [t,t+/i]nDom 7 

> £^([t, t + h]f] Domy) — ha{r], Eq, 0) + o{h), 


where in the last step we used the approximate continuity of (</) o 7 )^( 5 ) at t. Now 
(I6.39|) implies that 

(6.40) ((uo,</>) 0 7)'(t) > .J--^|££^md7(<)Lip(uo,</))(7(t)), 

and it suffices to choose r],£o,9 small enough to guarantee 

1 - a{r],£o,e) ^ 

(6.41) (1 + 7)2(1 + eo) “ 

e > Eo- 


We now consider the general case in which df is not constant. We let V C U 
be a full-measure Borel subset where / is differentiable with respect to the chart 
functions (j). On the set where df = 0 we have Lip / = 0, so we can assume that 
df 0 on V. We fix 7 > 0 and use Lusin and Egorov Theorems to hnd disjoint 
compact sets Ca CV and G \ {0} such that ^ (R \ Ua C'a) = 0 and: 

(6.42) \\df{x) - < \\df{x)\\j„y^ {\/x G Ca). 

We fix a' G (0,1) and, using the special case / = (i;*,(/>), we obtain a (1,1 -f e)- 
biLipschitz Alberti representation Aa = {Pa,Va) of fi\-Ca with {v^, (l))-speed > 
a' Il'CallT’.xi then for Pa-n.e. 7 we have: 

ifoiYit) > («,</)) 0 7)'(t) -7md7(t) ||d/||j..x 

> (c^' IKIIt-a - V IM/IIt*a) md7(t) 

> {a' - (1 -hcr') 7 )Lip/( 7 (t))md 7 (t), 


(6.43) 
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and it suffices to choose rj small enough and a' close to 1 to guaratee that cr' — (1 + 
a')rj > a. 

The proof of (16.231) is now immediate. Let F contain the components of the chart 
functions and /, and let C contain the characteristic functions of the charts. Now, 
for each a S (0,1), we conclude that for ^-a.e. x € X there is an (.F,C)-generic 
velocity vector G T^X with 

(6.44) ifoiYit) > cr Lip /( 7 (t)) md 7 (t); 
observing that 

(6.45) |(/°7)'(i)| < lip/(7(0)md7(t), 
we conclude that the Borel set 

(6.46) {x G X ■. lip/(a;) > cr Lip/(x)} 

has full ^-measure, and then \ei a 1. □ 

6.3. A new proof of gj = Lip / in Pl-spaces. In this subsection we give a new 
proof of the characterization of the minimal generalized upper gradient g/ of a 
Lipschitz function / in a Pl-space. We will assume that the reader is familiar with 
the material in |Che99) : in particular, we will denote by H^’'‘’{X,g) the Sobolev 
space introduced by Cheeger in |Che99[ Sec. 2]. One of the main results in [Che99] 
states that, if p S (l,oo) and if {X,fi) is a Pl-space, then H^’P{X,fi) is reflexive. 
Since we will use the reflexivity of H^’P{X, g), throughout this subsection the power 
p will be taken to lie in (1, 00 ). Our goal is to give a new proof of |Che99[ Thm. 6.1]: 

Theorem 6.47. If {X,fi) is a Pl-space and if f G Lip{X) Ci {X, p), then Lip/ 

is a representative of the minimal generalized upper gradient of f (luhieh is then 
independent of the power p >1/ 

We first give some remarks on how the new proof differs from the original one. 
The original proof contained two steps: 

(51) : Proof of Theorem 16.471 under the additional assumption that {X, p) is 
a length space. 

(52) : Removing the assumption that {X, p) is a length space. 

The argument for (SI) was motivated by the observation that, whenever {X,p) is 
a length space and p is a continuous upper gradient of /, then g > Lip / holds at 
each point. Therefore the strategy in [Che99) was to prove an approximation result 
[Che991 Thm. 5.3] which states that for any / G Lip(A) (7 H^’P{X,p) there is a 
sequence {fk, hk) C H^’P{X, p)xLP(p) such that fk^fin H^'P(X, p), the function 
Vk is a continuous upper gradient of fk, and Vk ^ g/ in LP{p). This approximation 
result is probably the most technical part of Cheeger’s original proof. 

The first simplification of the new argument is that one does not need to handle 
first the case in which (X, p) is a length space. The strategy of the proof is motivated 
by the observation (Lemma 16.481) that if g is a bounded upper gradient of /, then 
g > Lip / holds p-a..e.: this is where Alberti representations are used. Had the 
minimal generalized upper gradient been defined by minimizing the p-energy on 
bounded upper gradients, then Theorem 16.471 would have followed directly from 
Lemma 16.481 However, as an upper gradient in LP{p) can be infinite on a null 
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set, one needs, roughly speaking, to approximate / in Lip(X) n by 

functions which have bounded upper gradients. Here we use an instance of the 
argument “modulus equals capacity” |Zie69) which appears also in the proof of 
|Che991 Thm. 5.3]: however, as we do not need to build approximations which use 
continuous upper gradients, there are fewer technical details to handle. 

The following lemma relates bounded upper gradients and Alberti representa¬ 
tions. 

Lemma 6.48. If (A,/i) is a Pl-space, it : A —>■ R is Lipschitz, and g is a bounded 
upper gradient of u, then 

(6.49) g>Lipit g-a.e. 


Proof. For each e > 0 we can find countably many disjoint compact sets {Ka} and 
nonnegative real numbers {Aq} such that: 

(1) For each x G Ka one has g{x) G [Aq, A^ -|- e); 

(2) The {Ka} cover A in measure: /i (A \ Ka) = 0. 

By Theorem 16.221 for ii\_Ka-&.B. x there is a (1,1 -I- e)-biLipschitz fragment 7 : 


( 1 ) 

( 2 ) 

(6.50) 

(3) 

(6.51) 


The domain Domy is a subset of [—1, 00 ); 

One has 7 ( 0 ) = x and: 

(Domy n (—r, r)) 

hm--- = 1 ; 

r\fi 2r 

The point 0 is an approximate continuity point of (it o 7 )' and 

(iio7)'(0) > --^Lipit(a;). 

1 -b e 


Let [c, d] be the minimal interval containing Domy and let {( 0 ^, 6 ^)} denote the set 
of component of [c, d] \ Domy; we extend y on each interval (at, b} by choosing a 
C-quasigeodesic joining 7 ( 0 ^) to y(5i): note that this is possible because a Pl-space 
is C-quasiconvex for some C |Che991 Sec. 170. Then: 


(6.52) 


(it o y)^(s) ds 


= jit (y(r)) — it(x)| < / goymdy(t)(it 

Jo 


< (A„ -be)(l -be)r-bo(r); 


dividing by r and letting r 0 we get: 

(6.53) Lipit(a:) < (1 -b e)^ (s(a^) + s), 

and the result follows letting e \ 0 . □ 


Remark 6.54. Note that in Lemma 16.481 we had to work with bounded upper gra¬ 
dients to establish (I6.52|) : in fact, to apply the Fundamental Theorem of Calculus, 
one needs curves, and the Ka might only contain fragments, and thus, filling-in 
the fragments in Ka using that a Pl-space is quasiconvex might produce curves 
where g is unbounded or infinite on a set of positive length. Note also that in a Pl- 
space one can use curves instead of fragments in building Alberti representations; 
this follows from a general observation in [Schl4| that if /i is a Radon measure on a 


^This result is due to Semmes. 
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quasiconvex metric space X, a Lipschitz Alberti representation of /r can be replaced 
by one which gives the same derivation and whose probability measure has support 
contained in the set of curves in X. 


To prove Theorem 16.471 we can just consider, as in [Che99] . upper gradients 
which are lower semicontinuous. In fact, the Vitali-Caratheodory Theorem [B,ud87l 
Thm. 2.25] states that for any h G and any e > 0 there are functions u and 

V such that u < h < v, u is upper semicontinuous and bounded from above, v is 
lower semicontinuous and bounded from below, and ||m — < £■ Thus, any 

upper gradient of / can be replaced, up to slighly increasing the LP(fi)-norm, by 
one which is lower semicontinous and bounded below by a small positive constant. 
We thus only need to prove: 

Theorem 6.55. Suppose {X,fi) is a Pl-space, u is a real-valued Lipschitz function 
defined on X and g is a lower-semicontinuous upper gradient of u. Then: 

(6.56) g>lApu p-a.e. 


To prove Theorem l6.55l we recall a consequence of the Poincare inequality, which 
follows from the characterization of the Poincare inequality in terms of the maximal 
function associated to an upper gradient |HK98[ Lem. 5.15]. Suppose that g is an 
upper gradient for the function u and that g G consider for N G (0, oo) the 

set: 


(6.57) 


A{g, N) = < X G X : sup S g^ dp 

( r>oJB{x,r) 


< NP 


then if X, y G A{g, N) are Lebesgue points of u, one has 

(6.58) \u{x) - u{y)\ < CNd(x, y), 

where C is a universal constant that depends only on the PTspace (X, p) . 

Proof. Let N,M be natural numbers and S = A{g,N) n B{x,M)\ it suffices to 
show that (16.561) holds p L S'-a.e. Fix e > 0 and let: 

(6.59) 

Un{x) = inf y (y A n + e) + u{y) : 7 is a Lipschitz curve joining x to y G 

As {X,p) is C-quasiconvex for some C, the function is (^(n + ej-Lipschitz. Note 
also that = y A n + £ is an upper gradient of Un- We let {xj^rn}j&Jm be a finite 
^-dense set in S, which exists because X is proper. Using the fact that the 
are lower-semicontinuous and uniformly bounded away from zero (compare |Zie691 
3.3,3.4] and |Che991 Lem. 5.18]), it follows that for each m G N there is an Nm G N 
such that, for n > Am, one has: 

(6.60) UniXj^m) — u{Xj^jji) (Vj G Jm)- 
Let Vn be obtained by truncating Un so that 

(6.61) 


|x„(x)| < sup |Mn(y)|; 

y£B{x,M) 


thus, for n > one has: 

(6.62) (Vj € Jm)’ 
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Note that is an upper gradient of Vn and that (j6.58|) implies that the functions 
VNrr,j when restricted to S, are uniformly C{N + £)-Lipschitz; therefore, (16.6111 
implies that —>■ u uniformly on S. As the Banach space B{x, M)) 

is reflexive, by applying Mazur’s Lemma we can find Lipschitz functions Wn and 
integers Qn such that: 

(1) The sequence {w„} converges to the function w in B{x, M)) and 

w = u on S; 

(2) Each function is a convex combination of finitely many of the functions 

(3) The function g A Qn + £ is an upper gradient for Wn- 

We then recall that in a Pl-space there is a constant C such that, for each Lips¬ 
chitz function /, one has Cgj > Lip / g-a.e. As —>■ w in B{x, M)), 

one has that the generalized minimal upper gradients {gu,„-w} converge to 0 in 
LP{g\_ B(x, M)); by the locality property of generalized minimal upper gradients 
[Che99l Cor. 2.25], as u = w on S', we have that {gw„-u} converges to 0 in L^’(/iLS); 
we thus conclude that Lip(n;„ — u) —)■ 0 in LP{g L S). As jLipniji — Liprtj < 
Lip(r(;n — u), we can then pass to a subquence such that Lipw„ ^ Liprt /rLS-a.e. 
Now, by Lemma [6.481 we have that g A Qn + e > Lipn;„ holds /iLS-a.e., and thus 
g > Lip u holds g L S-a.e. □ 

7. The geometry of blow-ups/tangent cones 

In this section we show that, if (A, g) is a differentiability space, blowing-up the 
measure /x at a generic point yields measures which possess Alberti representations 
concentrated on distinguished geodesic lines on which the blow-ups of the chart 
functions have constant derivatives, and are harmonic. This generalizes the fact 
that in Pl-spaces the blow-ups are generalized linear functions. Weaker versions 
of the results presented here, where the blow-up of the measure is not discussed, 
have been obtained in [Schl3] . and |Davl4j . The result in [Schl3] is more general 
than |Davl4] because it applies also in the context of Weaver derivations: we point 
out that the results in this section, under the assumption that g is asymptotically 
doubling, have natural counterparts in that context. We first recall some notions 
of blow-ups of metric measure spaces and Lipschitz functions. Note that we use 
the terminology blow-up to avoid a conflict with the word tangent which is used for 
different objects in this paper; often, instances of what we call blow-ups are called 
tangent cones / tangent spaces in the literature. 

7.1. Blo-w-ups of metric measure spaces and Lipschitz maps. 

Definition 7.1. A blo-w-up of a metric space A at a point p is a (complete) 
pointed metric space {Y, q) which is a pointed Gromov-Hausdorff limit of a sequence 
(^A,p) where r„ \ 0: the notation y-A means that the metric on A is rescaled 
by l/vn] the class of blow-ups of A at p is denoted by Bw-up(A,p). 

Remark 7.2. In Subsection 18.31 we discuss blow-ups of metric spaces in a more 
general context which requires the notion of ultralimits: under suitable assumptions 
on A, a sequence (^A,p) will always be precompact and the two notions will 
agree. This is the case, for example, if A is a doubling metric space. However, 
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in the context of differentiability spaces we merely know (Theorem I2.2ip that /j, 
is asymptotically doubling, and that porous sets are ^-null. This implies that, for 
/i-a.e. p € X, there is a compact set Sp such that: Sp is metrically doubling, and 
for each e > 0, there is an ro > 0 such that, for each r <ro, the set Sp fl B{p, r) is 
er-dense in B{p,r). This allows essentially to reduce the existence of blow-ups to 
the case in which X is doubling. 


Recall that if the sequence (^X,p) converges to {Y,q) in the pointed Gromov- 
Hausdorff sense, there is a pointed metric space (Z, z) such that there are isometric 
embeddings : (^X,p) —>• (Z, z) and t : (F, q) —> (Z, z), and, for each R> 0, one 
has: 


(7.3) 


-X),{2/}) =0, 

Tr), 


lim sup dist 
”^°“yes(z,R)ni,(y) 

lim sup dist (t (Y ), {y}) = 0. 


In particular, each q' d Y can be approximated by a sequence p'^ S ■:^X such 
that inip'n) ^W) ill This notion can be made independent of the embedding 
in Z and one can represent each point g' S F by some sequence {p'^) C X of 
points converging to p (compare the treatment with ultralimits in subsection 18.31) . 
Moreover, if {p'^) represents g', and if {p'^) represents g', we have: 

(7.4) dY{q',q')= lim 


Definition 7.5. Let {X,iJ,) be a metric measure space; a blow-up of {X,fj.) at p 
is a triple (F, u, g) such that one has (^X,p) —>• (F, g) G Bw-up(X,p), and, having 
chosen a pointed metric space (Z, z) and isometric embeddings ^ 

(Z, z) and t : (F, g) —>■ (Z, z) such that (17.31) holds, one has: 


(7.6) ((,„)u— ^ ^ ijjP. (convergence in the weak* topology). 

fi [iDyp^ '^n)) 

The set of blow-ups of {X, p) at p will be denoted by Bw-up(X, p,p). 


Remark 7.7. Note that if p is asymptotically doubling and if porous sets are y-null, 
then for p-a.e. p G X one has Bw-up(X,/i,p) ^ 0. In fact, at a generic point p, 
for each sequence of scaling factors \ 0, there is a subsequence such that 
(^X,p) ^ (F,g) G Bw-up(X,p), and there is a doubling measure v such that 
(j7.6(l holds. 


We finally discuss blow-ups of Lipschitz mappings which take values into Eu¬ 
clidean spaces. 


Definition 7.8. Let (X, p) be a metric measure space and ijj : X ^ a Lipschitz 
map; then a blow-up of (ZT, y, ip) at p is a tuple (F, u, p, g) such that one has 
that (F, u, g) G Bw-up(X, p.,p), where the blow-up is realized by considering scaling 
factors 0, and where p : F ^ is a Lipschitz function such that, whenever 

(p(j) C X represents g', one has: 


(7.9) 


p(g^) = lim 


V’(Pn) - "^(P) 


The set of blow-ups of {X, p, ip) at p will be denoted by Bw-up(X, p, ip,p). 
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Remark 7.10. If ^ is asymptotically doubling and porous sets are /r-null, then for 
fi-a..e. p G X one has that Bw-up(X, p, tp^p) 7 ^ 0 by an application of Ascoli-Arzela. 


7.2. Blowing up Alberti representations. We can now state the main result 
of this Section. 

Theorem 7.11. Let (U^tp) be an N-dimensional differentiability chart for the dif¬ 
ferentiability space {X,p); then for p\_U-a.e. p, for each blow-up {Y,v,ip^q) G 
Jiw-up{X, p,ip,p) and for each unit vector vq € TpX, the measure v admits an 
Alberti representation A = {Q, $) where: 

(1) Q is concentrated on the set Lines((/J, uq) of unit speed geodesie lines in Y 
with {(p o 7 )' = vq; 

(2) For each 7 G Lines(<p, fo) the measure is given by: 

(7.12) % = dfi. 


Suppose that X' C X and that the measures ff and p\_ X' are in the same 
measure class. Then an application of measure differentiation shows that for p\_X'- 
a.e. p the sets Bw-up(A',and Bw-up(A,/r,p) coincide. Given (Y,v,p,q) G 
Bw-up(A, /i, we will then obtain the Alberti representations of v by blowing-up 
Alberti representations of measures ff p which admit Alberti representations of 
a special form. 

Definition 7.13 (Simplified Alberti representations). We say that the Alberti rep¬ 
resentation A = (P, '!') of the measuure p' is simplified if there are (Co, Do, tq) G 
( 0 , 00 )^ such that: 

(1) The measure P is finite and is supported on the set of (Co, Do)-biLipschitz 
fragments whose domain is a subset of [0 ,tq]; 

(2) Denoting by M{X) the set of finite Radon measures on A, is the Borel 
map: 

A! : Frag(A) ^ MIX) 

(7.14) 

7 711 (£ L Dom7) . 


To prove Theorem l7.11l we will use the following technical result about blow-ups 
of a simplified Alberti representation A. 


Theorem 7.15. Suppose that the simplified Alberti representation A of the finite 
measure p' p is in the ip-direction of a cone C and that it has (vo,ip)-speed 
P < 7 o ||'Co|l 7 '*x- Then there is a Borel set U with full p'-measure such that for 
each p gU, for each (Y,h',(p,q) G Bw-up{X, p, ip,p) and each Rq > 0 the measure 
iy\- B(q, Rq) admits an Alberti representation Arq = ((5_Ro,4>) such that: 


(1) The finite Radon measure Qr^ has support contatined in a compact set 
Sr„ C Frag(y) of geodesic segments; 

(2) The total mass ofQRg is bounded by (As(/r,p))*°®^ where As{p,p) 

denotes the asymptotic doubling constant of p atp, i.e.: 

As{p,p) = hmsup ; 

r\o T{B[p,r)) 


(7.16) 
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(3) The set Sr^ consists of those geodesic segments 7 which have domain con- 
, image contained in B{q, 2 Rq), which have both endpoints 


tained in 


Co 


lying outside of B{q,^Ro), which intersect B{q,RQ), which have constant 
speed £ [Co^Dq], which satisfy: 


( 7 . 17 ) sgn(s2 - si) {vo, q) o 7(52) 7 (si)) 

> cro 6 l.^(s 2 - Si)Up{{vo,ip)) ip) (Vsi,S 2 e Dom 7 ), 

and such that there is a Wj £ C for which the following holds: 

( 7 . 18 ) o 7(82) - 07(51) = ('S2 - Si) wt, (Vsi,S 2 £ Dom 7 ); 

( 4 ) For each 7 £ Sr^ the measure is given by: 

( 7 . 19 ) L B{q, vq). 


We now introduce a bit of terminology to split the measure on fragments in a 
good and a bad part. 

Definition 7.20. Let e > 0 and S' > 0 ; we denote by Reg(^,C, vq, ao, [Co, Dq], ro,e, S) 
the set of pairs (7,p) £ Frag(X) x X such that: 

(Regl): The fragment 7 is [Cq,H gj-biLipschitz with domain contained in 

[0,ro]; 

(Reg2): There is a f £ Dom7 with p = jit) and for each ri,7’2 < S one has: 

( 7 . 21 ) (Dom7 n [t -ri,t + r2]) > (1 - e)(Fi + F2); 

(Reg3): There are a 0 £ [Cq, Dq] and w £ C such that if r < S and si, S2 £ 

[t — r,t + r] n Dom 7 one has: 

M( 7 (si), 7 (s 2 )) - 0 \si - S2II < ejsi - S2I 
\tp o 7(si) -t/jo 7(52) - w{si - 82)1 < ejsi - S2I; 

(Reg4): If r < S and si, S2 £ [t — r,t + r] with si < S2 then: 

( 7 . 23 ) (uo,'!/' 07(82) - tj}oj{si)) > (do - e)6»Lip((uo,:/5)) (p)(s2 - si). 

In the following we will usually fix a choice of (!/>, C, Uq, do, [Co,Do],ro) and vary 

{e, S) £ ( 0 , 00)^; we thus introduce the shorter notation PAR(£:, S) for {ip, C, vq, do, [Co, Cq], To, e, S). 

We denote by Reg(PAR(e, S)) the subset of those (7,p) £ Reg(PAR(e, S)) such 

that: 


(Reg5): For all ri,r 2 < S one has: 


(7.24) ^7 ^ (^Reg(PAR(e, S)) j n [t - ri, t + r2]^ > (1 - £)(ri + r2), 

where then notation ^Reg(PAR(e, S))^ denotes the 7 -section of the set Reg(PAR(e, S)). 
Lemma 7.25. The set Reg(PAR(e, S)) is a Borel subset o/Frag(X) x X. 
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Proof. We first show that the set Reg(PAR(e, S')) is Borel. The set of fragments 
satisfying (Regl) is closed in Frag(X). Now consider the set 

(7.26) IMG = {( 7 ,p) G Frag(X) x X : p € 7 (Dom 7 )} , 

which is closed in Frag(X) x X; let ^ 0 ( 170 , Hq: t-q) denote the closed subset of 
those ( 7 ,p) € IMG such that 7 satisfies (Regl); then the map: 

Inv : IMG(C'o,IIo,ro) M 

(7.27) 

(7,p) hA 7"^(p) 


is continuous. Using an argument similar to that used to prove that the map defined 
at (13.151) is Borel, we see that, for fixed ri,r 2 > 0, the map: 

ipr, ro ■ Frag(A) x M —K. 

(7.28) 

(7,t) i-A (Dom7 n[t — ri,t + 7-2]) 

is Borel; then the set of pairs ( 7 ,p) satisfying (Regl)—(Reg2) is Borel since it can 
be written as: 

(7.29) 

n {(7,7') G IMG(Co,IIo,ro) : V'n.rs (7,7”^(7')) > (1 -e)(?'i +^ 2 )} • 
riT2e[o.S]nQ 

That the set of pairs satisfying (Reg3)—(Reg—4) is Borel follows by arguments 
similar to those used in the proof of Lemma 15^ compare (13.81) . (13.101) . 

Gonsider the set: 


(7.30) TRIP = {( 7 ,p,t) € Frag(A) x X xM.:t G Dom 7 , 7 (t) = p} , 

which is closed in Frag(X) x A x R. We now fix ri, r 2 >0 and define the Borel set: 

(7.31) _ 

= {(7,P,0 G Reg(PAR(e, S')) x RnTRIP : 7 “^(p) G [t - ri,t + r- 2 ]|; 
using |Kec951 Thm. 7.25] we get that the map: 

nri,r2 : Frag(A) x R x M{X) R 

(7.32) ’ / N 

is Borel. The proof that Reg(PAR(e, S)) is Borel is completed by observing that 
(Reg5) can be expressed as: 

(7.33) ( 7 , 7 "^(p), 4 '( 7 )) > (1-e)(ri+r 2 ) (Vri, r 2 € [0, S] (7 Q). 

□ 


Gonsider the map di defined in (17.141) : we can decompose the measures 41 ( 7 ) as 
follows: 


(7.34) 


^PAR(e,s)(7) = ^( 7 ) L (Reg(PAR(£, S))).^; 
^PAR(e,s)(7) = ^( 7 )l (Reg(PAR(e,S)));(. 
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Lemma 7.35. The maps 'I'par(£,s) '^par(£ s) Borel. Thus, given an 

Alberti representation A of the finite measure fi' satisfying the assumptions of The- 
orempTr/^l we can define the finite Radon measures: 


TpAR{e,S) 


(7.36) 

which satisfy: 

(7.37) 
and: 

(7.38) 


L 


Frag(A) 


MpAR(e,S) 


^PAR(e,S)(7) dFij) 
'I^PAR(e,S)(7) dPi^), 


Frag(A) 

MpAR(e,S) + ^PAR(e,S) = 


lim 

S\,0 


MpAR(e,S) 


M{X) 


= 0 . 


Proof. By [Kec95l Thm. 7.25] the map: 

Tl : Frag(X) x M{X) R 

( 7 , m) i-A ^L (Reg(PAR(£, 5'))).^ 

is Borel, and thus 4'par(e,S) is Borel as 'I'par(e,S)(7) can be written as (7, ^>(7)); 
the proof for is similar. 


Now note that 
(7.40) 


A! 


PAR(e,S) 


( 7 ) 


< To and that, for each 7 , one has 


lim 

S\,o 


4- 


PAR(e.S) 


(7) 


= 0 , 


as for £^-a.e. t G Domj there is an S(t) such that, for s < S(t), one has (7,7(t)) G 
Reg(PAR(£:, S)). Then (17.381) follows by the Dominated Convergence Theorem. □ 

The following lemma follows from a standard argument in measure differentia¬ 
tion. 

Lemma 7.41. Let {sm} C (0,oo) be a sequence with ^ co; then there are 

a Borel U C X and a sequence of pairs {(Sm,S'm)}m C (0, 00 )^ such that: 

(1) One has ia{X \ U) < X/m and, for each m, one also has Sm < Sm; 

(2) For each x G U and for each r < Sm, one has: 

(7.42) Mpar(e„.S™) (Bix, r)) < SmT' {B{x, r )). 

Proof of Theorem \7.15\ We fix a sequence £m such that < 00 : the set U is 

the intersection of the set provided by Lemma 17.411 and the set of points p where 
the limit: 

(7.43) Ito difciA 

r\,0 p. {B{x,rn)) 

exists and is finite. Having fixed a point p G D, we let be a sequence converging 
to 0 such that the rescalings 


1 


a: 


i’ - V'(p) 


' p.'{B{p,rn)y r„ 


(7.44) 


P 
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converge to {Y, v, ip, q) in the measured Gromov-Hausdorff sense. We let Xn = -^X. 
As in the following we consider simultaneously different metric spaces, we will use 
subscripts to denote objects which “live” in a given metric space, e.g. Bx„{p,Ro) 
denotes the ball of radius Rq and center p in the metric space 

By the theory of measured Gromov-Hausdorff convergence we can find a compact 
metric space Z, which is a convex compact subset of some Banach space (e.g. 
which satisfies the following properties: 


(Zl): There are isometric embeddings: 


(7.45) 


Jn : {Bx^{pARo),p) -t {Z,qz) 
Joo ■ {Byiq, 4i?o): q) —t [Z, qz)] 


in the following we will often implicitly identify balls like Bx„ {p, r) and 
BY{<l,f) with their images in Z; 

(Z2): There are compact sets Ar„, Kn C Z and a sequence rin\0 such that: 

Bx„ (p, Ro) C Kn C Bxr, (p, Ro+Vn) 

^ Bx„ (p, 2i?o) c Kn C Bx„ (p, 2i?0 + Pn) 

dz,H{Kn, Byiq, Ro)) < Vn 

dz,}i{Kn, BY{q,2Ro)) < rjn, 


where dzM{-, •) denotes the Hausdorff distance between subsets of Z; 

(Z3): There is an L('0)-Lipschitz function -ipz ■ Z —>■ such that, de¬ 
noting by ipXn the restriction (p, 2 i?o) and by ipy the restriction 

i/’z|.Bv(g, 2 i?o), one has: 


(7.47) 


o J 7 


- i’jp) 

Tn 


i’Y o Joo = p; 


(Z4): Letting and poo denote, respectively, the measures 

p'lHx„(p, j7o) 

(7.48) p'(Hx(p,r„)) 

Joo^^ I— By {q^ 77o), 


, w 

one has —>■ poo- 

We chose Z convex to “fill-in” fragments to Lipschitz curves; specifically, let 
Curves(Z) denote the set of Lipschitz maps 7 : itT —?► Z, where AT C M is a (possibly 
degenerate) compact interval; we topologize Gurves(Z) with the Vietoris topology. 
Let 

(7.49) Fill : Frag(Z) Curves(Z) 

be the map which extends a fragment 7 to a Lispchitz curve, with domain the 
minimal compact interval 1 ( 7 ) containing Dom 7 , by extending 7 linearly on each 
component of /(y) \ Domy. The map Fill is continuous. 
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Let Tx„ C Frag(X) denote the set of those [Co, I?o]-biLipschitz fragments which 
intersect Bx{p,2Rorn); note that Tx^ is closed. We define maps: 

(7.50) Rep„ : Tx^ -t Frag(2') 

by composing Jn o (y\^~^{Bx{p, 2i?o))), where we naturally identify 7 with a frag¬ 
ment in Xn, with the unique affine map A-^ : R —>■ M which has dilating factor 
and which maps the point: 

(7.51) min {t ■. t G ■y~^{Bx(p, 2i?o))} 
to 0. Note that Rep„ is continuous. 

We will now refer back to the map dt defined in (I7.14|l , adding subscripts regard¬ 
ing the metric space. From the definition of Rep„ we see that: 

(7.52) (Rep„(7)) = (7) L (p, 2i?o) 


Let g G Cc{Z) so that: 

(7.53) lim / g dpn = / gdpo 

J J 


then 


(7.54) 


/ gdp,n= -7- / goJn dp' 

J P [Bx{p,rn)) Jbx„{p,Ro) 


'{p,Ro) 

,,, (r> ^ \\ / go Jn d{p'l>AK{em,Sm) + ^PAR(e„,S„)); 

P {Bx[P,rn)) Jbx„{p,Ro) 


Note that 
(7.55) 

1 


P' {Bx{p, Tn)) Xx„(p.Ro) ^ ° ^^PAR(e™.S™) 


< II 5 II 00 


7‘r\r(£„,s™) iBx{p,rnBo)) 

p' {Bx{p, Pn)) 

for n sufficiently large r„Ro < Sm so that by (I7.42|) and using that p' is doubling 
we conclude that: 

L .° = "■ 

We also introduce some notation to deal with regularity in Z and X; so we let: 

PARx(e,5') = (■)/),C,'Uo,o-o, [Co,Co],ro,e, 5) 

PARz(e, S') = ^^,C,uo,cro, [Co,Flo], ; 

in particular, inspection of conditions (Regl)-(Reg5) shows that: 

(D [ g O JndppARx{err,,S„) 

P (Bx[p,rn)) Jbx„{p,Ro) 

^ p' {Bx{p r^)) Ir '^'^^'7)_^5?’nXBx„(p.Ro)^^PAR^(£™,S™/r„)(R.ep„(7)). 


(7.57) 


Let Txri be the Borel subset of those 7 € such that: 
(7.59) XBxn{p,Ro)'^P-^^z{£m,Sm/rn) (^^Pn(T)) 7^ ^5 
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then (j7.59|) implies that there is ap-y = 7 (t) S (Reg(PARjf (cm, *S'm)))^ni3js: (p, r„i?o)- 
Note that the set B-y^n = 2r„i?o)) has diameter at most ^^ 7 ^; let 

aj,by be minimal such that the interval \ty — a.y,ty + by] contains 7 “^(S^^„). 
For n-sufhciently large one has ay,by < Sm so that by (Reg2) the em(aj + bj)- 
neighbhourhood of By^n contains [ty — ay, ty + by], A similar conclusion holds for 
the smallest interval containing 7 “^ (Bx„{p, Ro)) from which we get: 

(7.60) 

rn ||^PARz(e„.s„/r„) (R.ep„( 7 )) LRjf„(p,i?o) “ z (FilloRep„( 7 )) \-Bz{qz,Ro)\\ 

2i?o 


Note also that: 

(7.61) ^ C RA(p,2r„i?o); 

as for n sufficiently large one has < S^, we have: 


(7.62) 


i"n'ifpARz{E„,Sm/r„) (FilloRep„( 7 )) {Bx„{p,2rnRo)) > 2(1 


^m) 


^uRq 


For n sufficiently large we also have < Sm which implies: 


(7.63) 


I^Domy fl 
^Domy fl 


t'y ^ i-j 


SVnRo 


a 


0 


^ SrnRo ^ 
^0 


^ (1 £m) ^ '^n 

^ \ ^Ro 

^ (1 ^m) ^ 

^0 


SO we can find £ ^7 < 52,7 with: 

(7.64) 


\ty - > (1 - £m) ^^"^° (fori = 1 , 2 ) 

on 


dx{p,l{si^y)) > ( (1 - - Ro] rn (for i = 1 , 2 ); 


in particular, for m sufficiently large (17.641) implies that the maximum and minimum 
point in By^n are mapped by 7 outside of Bx{p, ^Rq)- Thus, the endpoints of 
FilloRep„( 7 ) lie out of Bz{qz, |Ro)- 

We now obtain an upper estimate for P(rx„) (note that we assume that n is 
sufficiently large depending on m): 

(7.65) 

7* 72 f 

2{^-£m)^-^P{t'xJ <rn ^PARz(e^.s„/r„) (Rep„(7)) (Rx(p, 2r„i?o)) dP(7) 

^0 JFragiX) 

< p' {Bxip, 2Rorn)) ; 
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in particular, using (I7.60|l . 
(7.66) 


lim 

n—)-co 


1 

fi' {Bx{p,rn)) 


dP{l) J ff?'nXBx„(p,Ro)C^^PARz(e^.S^/r„) (Rep„(7)) 

~ It I d'^^^Bz{qz,Ro)d'^PARz{em,Sm/rr,){F^^^O^et>„h)) 


< lim sup \\g\\coP{Tx„)rner 


2Ro 
‘ Cn 


< lim sup ||g|| 

C 

n—¥oo 
- Oi^SjYi ) , 


£m Dp p' {Bxjp, 2 rnRo)) 
’l-£m Co p' {Bx (j>, r„)) 


where in the last step we used that p' is doubling. As n ^ oo we can send m —> oo 
so that the left hand side of (17.661) converges to 0. 

Let Vljn C Curves(Z’) denote the set of Do-Lipschitz curves so that there are a 
9^ G [Co, Do] and a w € C such that (note the constant C 2 will be specihed later): 

(ni): For all si,S 2 € Dom 7 one has: 


n 4 Ro 
Co 


(7.67) \dzh{si),^{s2)) - 9r^\si - S 2 II < C2£m', 

(fl 2 ): The domain of 7 is a subset 

(fl 3 ): The image of 7 is contained in the C2£:m-neighbourhood of Bx^ {p, 2 i?o); 
(fl 4 ): For all si, S2 € Dom7 one has: 

(7.68) l-ipz o 7 (si) - -ipz 07 ( 32 ) - wjsi - S 2 II < C 2 em; 

(ns): For all si, S2 S Dom7 with S2 > Si one has: 

(7.69) {vo^-tpz 07 ( 32 )--tpz ojisi)) > i<JO-Sm)9.yUp({vo,p)) ip)iS 2 -Sl)-C 2 £Tn- 


Note that the set is compact. We also define ftoo by requiring in (173) 
that 7 lies in By{p, 2Rq) and that the error term Sm is replaced by 0. In view of 
(Regl)-(Reg 5 ), for an appropriate choice of C2 one has Fill o Rep„(rjf^) C 17 ^ 
for n > N(m). If we let Pn denote the Radon measure on Curves(Z): 

(7-70) ^--r„FilloRep„( 7 )jPLfx„; 

p'(Bx{p,rn)) ' 

we have that Pn has support contained in 17^ for n > N{m). By (17.651) the total 
mass of Pn is bounded by: 

Dp p' (Bx(p,2Rorn)) 

2{\-£m)Ro P'iBx(p,rn)) 

Moreover, an application of Ascoli-Arzela shows that the set 17 = 17^ U 17oo 

W* 

is compact; we can thus find a subsequence Um > N{m) such that Pn^ —S' Qrq- 
The previous discussion on the properties of the fragments in Fx„ implies that the 
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support spt Qiig of Qfio is a subset of Sug C Ooo and that point (2) in the statement 
of this Theorem follows from (I7.71|l . We now observe that: 


(7.72) 


' {Bx{p Tn)) If 

^ In / 9XBz{qz,Ro)d'i>zh); 


fix a ^ G ( 0 , 1 ), and let ip^ be a continuous function, which takes values in [ 0 , 1 ] and 
which equals 1 on Bz{qz,Ro+0 which vanishes out of Sz(gz, i?o + 2 ^); then: 


(7.73) 


dPn^h) / g{xBz(qz,Ro)-'^i) d'i'zh) 
! J 


<^n^(f2)||3||c 


Co’ 


as the map 7 H> / g-ip^ d'^zi'j) is continuous: 

(7.74) lim [ dPn^{l) f gtp^ d'i/zil) = [ dQRgi'j) f gtp^ d'i'zh)- 

Jn J Jn J 

Also, 

(7.75) 


In 


dQRoil) / g-’P^d'^zh)- / dQRgp-i) / cid4'z(7)LSy(g,i?o) 
J Jn J 


< <3ro(^)II5IIc 


so we conclude that: 

(7.76) lim / gdun^ = 

m—¥(yo J 

in particular, if we let: 


^Rq 


dQRo J gd'^zh)\-BY{q:Roy-, 


(7.77) = 4/^(7) Li?y(g,i?o) = ^Ji:^, 

we get that {QRg,^) gives an Alberti representation of L Sy ( 9 , i?o)- It might be 
worth noting that in (17.7711 we used that 7 is a geodesic with constant speed 9^ and 
that the function 7 i-A 0 .y is continuous. □ 


Lemma 7.78. There is a Borel U G X with full g-measure such that, for each 
p G U, for each {Y,v,q},q) G Bw-up(Ar,/i,'0,p), for each i?o > 0 and each vq G 
S'dI • lip Lip,), the measure v G B(q, Rq) admits an Alberti representation {QRg,^) 
which satisfies the following conditions: 

(1) The measure Qro is a finite Radon measure with total mass at most 

^(As(m,p))‘°«^^“+' ; 

Zito 

(2) The support of QRg is contatined in a compact set SRg C Frag(F) which 

consists of the unit-speed geodesic segments 7 whose domain lies in [ 0 ,4i?o], 
whose image lies in B{q,2Ro), which have both endpoints lying outside of 
B{q, which intersect B{q,Ro), and which satisfy: 

(7.79) 07 ( 52 ) -‘T’o7(si) = (s 2 - Si)uo (Vsi, S 2 G Dom 7 ); 

(3) For each 7 G SRg the measure 4>.y is given by: 

(7.80) = df^LB(g,i?o). 


Co 


iCn- 











46 


JEFF CHEEGER, BRUCE KLEINER, AND ANDREA SCHIOPPA 


Proof. By Theorem 16.221 we can choose Borel maps Vn '■ X ^ TX^ with 1 < 
||wn||TA < 1 + ^ and such that: 

(1) For each x € X the closure of the set {vn{x)}n contains ^dl • Ljp.); 

(2) For each n there is a measure the same measure class of /r and there are 

countably many disjoint compact sets whose union has /r-negligible 

complement and such that the function is constant on each Kn^a', 

(3) The measure admits a simplified and (1, l + i)-biLipschitz Alberti 

representation An,a in the '0-direction of the cone C (u„ L Kn,a/\\vn L Kn,a\\ 2 , 
with L ■0)-speed > (1 — l/u-)- 

Let Un be a Borel subset of IJ^, Kn,a with full ^-measure and such that, for each 
p £ Un Cl Kn,on the conclusion of Theorem 17.151 holds taking A = An,a- Let 
[/ = fj {7„ and fixp G [/ and (Y, u, (p, q) € Bw-up(A, /i, 0,p). Choose a sequence Um 
such that —5- vg and let QRa,nmJ ^n„i ^-nd Siig,n„^ be the measures and sets of 

geodesics provided by Theorem l7.151 By Ascoli-Arzela the set = Sug Um ^Ro,nm 
is a compact subset of Frag(y); as the measures QRg,nm uniformly bounded 

W* 

and supported in we can pass to a subsequence such that Q_Ro,ri„ —^ Qro- Note 
also that Qng is supported in Sr^. For g G Cb{Y) one proves that: 

(7.81) lim / dQRg,n^{^) / / dQRg{j) / gd^^ 

J Jsr„ J 

by using an argument similar to the one used to derive the estimates (17.731) and 
(17.751) . Thus the pair (Qr^,^) provides the desired Alberti representation. □ 


To prove Theorem 17.111 we need to introduce a bit more of terminology. We 
can regard parametrized Lipschitz curves in Y, whose domain is a possibly inhnite 
interval of R, as elements of Fc(]R x X) by identifying them with their graph. We 
denote by Geo(l^) the set of unit speed geodesic segments, half-lines or lines in Y ; 
note that Geo(y) is a Moreover, if we let: 


(7.82) 


d> : Geo(y) -> Rad 


then, for each g G CciY), the map: 

d>g : Geo(y) ^ 

(7.83) 


7 ^ / gd^^ = go lit) dt 


is continuous. 


Proof of Theorem \7.11\ Let U be the /r-full measure subset provided by Lemma 
17.781 and consider p £ U and {Y,v,ip,q) £ Bw-up(X,/r, 0,p). Fix a diverging 
sequence of radii {i?n} with i?„ > 2i?„_i and let Qr„ and Sr^ be the corresponding 
measures and sets provided by Lemma [7.781 Note that Sr^ can also be regarded 
as a compact subset of 70; in particular, for i < n we define the sets: 

(7.84) Sn,i = {7 ^ ^Rn ■ dist(7,g) G i?^]} , 


choice of the representative of TX is implied. 
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where we take Ro = 0, and observe that the sets Sn,i are Borel. We also consider 
the following Borel subsets of Fc x K: 

(7.85) Si^n = ■ t € Dom7,7 e G i?^]} ; 


note that the sets have compact sections, i.e. for 7 G Fc, each section {Si^n)-y is 
compact. By the Lusin-Novikov Uniformization Theorem [Kec95[ Thm. 18.10] we 
can find Borel maps : 5^^ —?► K such that G In particular, we 

can define a Borel map Tran„ : Geo(F) —>■ Geo(F) by requiring that for 7 G Si^n the 
geodesic segment Tran„( 7 ) is the composition of 7 with the translation by Tn^i(^). 
Note that if 7 G Si^n the extremes of Dom 7 are at distance at least — Ri from 
Tn,i{'^) and so 


(7.86) 




C DomTran„( 7 ) C [—3i?„, 3i?„]. 


Let Qn = Tran„jjQfl„ and denote by K(m,i) the set of geodesic segments 7 whose 
domain is contained in [—3i?m, 37?^], and which intersect B{q, Ri) in a point Pj = 
7 (t.y) where is at distance at most 2Ri from 0. The set K{oo,i) is defined 
similarly by requiring 7 to be a geodesic line. Note that the sets: 


(7.87) 


K{i) = K{oo, i) U y^Kim, i) 

m 


are compact and that Qn is concentrated on the set We now obtain 

an upper bound on Qn {K[i))\ 

(7.88) 

1/ {B{q, 2R,)) = [ R:] {B{q, 2R,)) dQnil) > f (S(g, 2R,)) dQnh); 

JGeoiY) JK{i) 

if 7 G Tran„ (<S„,;) and if 1 < * and n > i, one has IK]], {B{q,2Ri)) > ^ so from 
(17.881) we obtain: 


(7.89) 


Qn {K{i)) 


^^_ y{B[q,2R,)) 

R^ 


In particular, we can pass to a subsequence and hnd a Radon measure Q on Geo(T) 

W* W* 

such that for each i one has Qn\-K{i) — Q\_K{i)-, in particular Qn — Q- More¬ 
over, as Qn is concentrated on [J^ K{n,i), the measure Q has support contained 
in Lines(v7, uq)- To show that (Q, $) gives an Alberti representation of v we take 
g G Cc{Y) and choose i sufficiently large so that spti; C B{q,Ri): 


(7.90) 

and 

(7.91) 




dQnh) 


gd’Kl^ 



lim / $g( 7 )d( 5 „( 7 ) 


[ $g(7)dQ(7)= / dQ(7) /gddfi. 

JK{i) JGeo{Y) J 

□ 


We now state an immediate consequence of Theorem l7.11l in terms of the canon¬ 
ical maps from blow-ups of X to the hbres of TX. 
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Definition 7.92. Let (F, u, q) G {X, fi, ip.p) be realized by choosing scales r„ \ 
0; suppose that the Lipschitz function / : X —K is differentiable at p with respect 
to the {'!/’*}^i- Then the maps: 

(7.93) / - f{p) . ^ 

Tn Tn 

converge to the map g : F —> K. given by: 

N „ j 

(7-94) = 

i—1 ^ 

In particular, we obtain a canonical map E : Y ^ TpX by letting: 

/ N \ N 

(7.95) (Xi d'tjj Ip, ^{y) \ ^ ^ 

\i=l / 

Corollary 7.96. Letp £ U be a point where the conclusion of Theorem \7. 1 l\ holds; 
then the canonical map E :Y ^ TpX is surjective. Moreover, for each q £Y there 
is a line 7 G Lines(:/J, Uq) passing through it, and there is a Cj GM. such that: 

(7.97) E {-f{t)) = vo{t - cj) (VfGK). 

Corollary 17.961 generalizes [Che991 Sec. 13] where the surjectivity of the map E 
was proven for the case in which {X, p) is a Pl-space. The surjectivity of the map 
E in the case in which (X, u) is a differentiability space has already been proven in 
|Schl3l[DiH4] . 

7.3. Harmonicity of blow-up functions. In this subsection we prove Corollary 

ME 


Proof of Corollary \TAE Let m : X —>■ R be a Lipschitz function, and suppose that 
a; G X a point of differentiability of u where x is as in the statement of Theorem 
11.111 Choose a unit vector ^ G {T^X, || ■ \\j,^ {x)) supporting du G TfX, i.e. 

(7.98) du{^) = \\du{x)\\j,, ^ = ||(iu(a:)||y.j^ • ||CIItx ■ 

Since a: is a point of differentiability, the blow-up it of it will be of the form u = aocji 
for some a G TfX. Now consider an Alberti representation for fi as in Theorem 
11.111 (21. which is supported on unit speed geodesics 7 with {in o 7 )' = Fix such 
a unit speed geodesic 7 : R —>■ A. Note that for alH G R 

(7.99) 

(W)'(O = a {{^i)'{t)^ = a{Cj = ||M(a;)||j,._,f and Lip(it)(7(t)) = (Lip(uo7))(f). 

If 1 ! : A R is Lipschitz and agrees with u outside a compact subset K C X, then 
for alH G R we have Lip(i !0 7 )(f) < Lip(i!)( 7 (f)), and for L-a.e. t G R\ A we have 


(7.100) Lip(i; o 7 ) = 1 ( 1 ; o 7 )'(t)| = \{u o 7 )'(t)| = Lip(M o -f){t) = Lip(ii)( 7 (f)). 
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Therefore if 7 ^{K) C [a, 6 ], then 


h-^K) 


[Lip(n)( 7 (t))]^ dt - 


(7.101) 


h-HK) 


> 




[Lip(u)( 7 (t))]^ dt 
[Lip(w 0 7 )(t))]^ dt 


[ [Lip(wo7)(t))]^ 

^ [Up{voj){t))fdt 

[a.b] 

f [Up{uoj){t))f dt 

fa.fel 


dt 


> 


„b] 


2,b] 

\{vo-fy{t)\p dt 


2,6] 


\{u o-f)'{t)\P dt 


> 0 


by Jensen’s inequality. Integrating this with respect to the measure on curves 
coming from the Alberti representation, we get that 


(7.102) 


IK 


[Lip(u)]^ dfi > f [Lip(it)]^ dy . 

JK 


□ 


8. Lipschitz mappings f : X ^ Z and metric differentiation 

8.1. The canonical subbundle determined by a pseudodistance. In this 
subsection we associate a canonical subbundle Wg of T*X to a Lipschitz compatible 
pseudometric g; we denote by Cg the Lipschitz constant of g, that is, g < Cgdx- 

Definition 8.1. Let <I> be a countable set of g-Lipschitz functions and let I^ be a 
<i>-differentiability set; we define a subbundle >V$ of T*X by letting, for x €V, the 
hbre W^{x) equal the linear span of {df{x) : f G $}. 

The collection Sub(p) of subbundles associated to countable sets of g-Lipschitz 
functions has a partial order we say that W$ ^ W$' if for /r-a.e. x G X one has 
>V<i.(a;) C >V<i,/(a;). 

Lemma 8.2. The poset (Sub(p), :<) contains a maximal element Wg which we call 

the canonical subbundle associated to g. 


Proof. As the constructions depend only on the measure class of g,, we can assume 
that /i is a probability measure. We basically follow the argument used in the 
proof of Lemma r2.33l to each S Sub(gi) we associate a “size”, which is the 
expectation of the random variable dim >V$: 



dim >V$(a;) dg{x); 


(8.3) 
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note that the finite dimensionality of T*X implies that 

(8.4) S = sup II Will < cx). 

VV^.eSub(£t) 

Let W<i.„ be a maximizing sequence and let $00 = l|bV$„„|| = S. 

Suppose, by contradiction, that for some >V$ G Sub(p) one has yV<i. \ then 

there is a positive measure set V such that, if a; G 14, one has 

(8.5) C span(W$(a;) U>V$,^(x)); 

but then we obtain the contradiction ||yV$u$„o II > ‘S'- D 


Let Dx C X be a countable dense set and <S^Dx,g = {Px '■ x € Dx}; we let 
y^Dx,g = bV$o We now show that Wdx^q equals this is a stronger result 
than |Kei04b[ Thm. 2.7] because it applies to subbundles associated to Lipschitz 
compatible pseudometrics. 

Theorem 8.6. For any countable dense set Dx G X we have Vdoxw ~ 

We offer two conceptually different proofs of Theorem 18.61 


Proof of Theorem \8.6\ via a measurable Hahn-Banach. As Wdxw — assume 

by contradiction that there is a positive measure Borel set U such that, for each 
X G U one has: 


(8.7) WDxAx)GW,ix). 

Without loss of generality we can assume that there are 1-Lipschitz functions 
{4>i}iLi such that ([/, is a differentiability chart. Let 


N 


(8.8) U = < (cc, a) G [/ X ^ aid(j)i{x) G Wg{x) 0 5(11 ■ Hj-x ( 2 ;)), and 

^ i=l 

distil- ^^^aid(j)i{x),WDxAx)^ > ^|- 

Note that the distances in the fibre T*X are computed with respect to the norm 
II - llj-.jf (a;). The set U is Borel and by (18.71) for each x G U the section is 
nonempty (compare |Rud91[ Lem. 4.22]) and compact. By the Lusin-Novikov Uni- 
formization Theorem [Kec951 Thm. 18.10] we obtain a unit-norm Borel section w 
of Wg I U satisfying: 


(8.9) 


dist||-||,j,.^(x) AA):^DxAA) > ^ (Vx G U). 


Using Hahn-Banach in each fibre T*X and an argument similar to the one above, 
we obtain a Borel section ^ of TX | U such that: 


( 8 . 10 ) 


\tx — 


(w(a:),^(a:)) = 1 (Vx G t/), 


and such that ^(x) is annihilated by the functionals in WdxwA)- Up to shrinking 
U we can assume that there are N < N, (1, p)-Lispchitz functions 
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bounded Borel maps Si'.U 

( 8 . 11 ) 


satisfying: 

N 

UJ = y^^Sid'ipi. 


Let contain the (f)i, the ipi and the components of the chart functions; let C 
contain xu, the Si and the characteristic functions of the charts; let S contain dx 
and p; by Theorem 15.31 we obtain an ^-measurable subset 1^ C 17 of full ^-measure 
with Gx{J^,C,S, Dx) containing a dense set of directions in T^X for each x gV. 
In particular, fix £ > 0 and let Y{t) G T^X be an (J", C, 5, Zlx)-generic velocity 
vector such that: 

(8.12) IIC(a;)-7 'WIIta < e; 

then 

(8.13) \{dgx,x{t))\ < CgS +\{dgxA{x))\ = CgS] 
by Theorem 14.31 we conclude that: 

(8.14) gi-md7(t) < CgE. 

However, || 7 '(t)|| 7 n^ < 2 -|- £ and so 


(8.15) 

note also that 


(w,7'(i)) > 2 -^(2 + ^); 


(8.16) 


K^,7'(i))l = 


N 


Xl®i(7(i)) (V'i0 7)'(t) 


2=1 


< iVCmaxKi/ii 0 7)'(t)|; 


now choose s„ \ 0 with t + Sn G Dom 7 ; we have: 

(8.17) 

\’>pi o l{t + S„) -ino 7 (t)| < g{x{t+Sn), l{t)) < o(sn)-|- / p-md7(T) dr; 

J [i,t+STi,]nDom 7 

dividing by Sn and letting n 7* oo we get: 

(8.18) l('0iO7)'WI < £'-md7(t). 

Combining (18.141) . (18.151) and (18.181) we conclude that: 

1 


(8.19) 


-e(2 + e) < NCCgS 


which yields a contradiction if e is sufficiently small. 


□ 


Proof of Theorem Id. 61 via Weaver derivations. We show that if 77 C is compact 
and if / is gi-Lipschitz, for /i-a.e. x G K one has df{x) G yVox.ei^)- n G N and 

choose a hnite susbset {xk}kGi.a C Dx such that each x G K lies within d^-distance 
at most — from some Xk- To fix the ideas, suppose that / is (C, p)-Lipschitz and 
define /„ : 77 —>■ K by: 

(8.20) fnix) = inf {f{xk) + Cg{x, Xk) ■■ k G /„} . 

The functions {fn}n are uniformly {C, £i)-Lipschitz and hence uniformly (C Cg, dx)- 
Lipschitz. By [Schl31 Thm. 4.1] the exterior derivative operator d associated to the 
diffentiable structure is weak* continuous. In particular, let [fiGK,T*X) denote 
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the i^-space of sections of T*X \ K. Note that the dual of K,T*X) is 

K,TX) and that these spaces are both reflexive by finite dimensionality 
of T*X. Then as the /«—>■/ pointwise in K, we have that dfn —t df weakly in 
L?{^\-K,T*X), and Mazur’s Lemma and a standard argument give tail convex 
combinations of the functions /„ with > d/ /i L K-a.e. So the proof is 

completed if we show that each dgn is a section of yVDx,Qi which happens if each 
dfn is a section of WD^.e- But for each n there are closed subsets {Ci}i^i^ of K, 
such that fn\Ci= f{xi) + Cg^^, which gives dfn \ Ci = Cdg^.. □ 


We now associate to Wg two a priori different norms onTX. Roughly speaking, 
we maximize the seminorms induced by sections of Wg. Recall that if / is g- 
Lipschitz we can define the “big Lip” with respect to g\ 

(8.21) p-Lip/(x) = limsupsup \ - fiy)\ . g(^x,y) < r 

r\o I r 


and that the map x i—£»-Lip/(a;) is Borel. 

Let Seci( 0 ) denote the set of those sections oj of Wg which are locally the differ¬ 
ential of a (1, p)-Lipschitz function; i.e. w € Seci(£i) if and only if there are count¬ 
ably many disjoint Borel sets {Vjjj/j and countably many (1, p)-Lipschitz functions 

{//3}/3 such that g, \ IJ^ = 0 and w | Vg = dfg \ Vp. To each w G Seci(£<) we 
associate a seminorm on TX by letting: 


(8.22) p<^(z;) = |(a;,?;)|. 

We observe that < Cg\\ ■ \\j,^ and denote by || • ||^ ^jp the essential supremum 
(Lemma[233l) of the collection {|| ■ ||,^},,;eseci(e)- 

Another way of obtaining seminorms on TA is to use arbitrary sections of Wg 
and rescale them by the local p-Lipschitz constant; note, however, that if u, v are 
both g-Lipschitz, one can have du = dv and p-Lipw 7 ^ g-Lipp on a set of positive 
measure. We are thus led to use a slightly more complicated framework. Let Sec* (g) 
denote the set of countable pairs w = {{Vy, fp)} where the V 3 are disjoint Borel sets 

with g (^X \ Vfi^ = 0, and the fp are p-Lipschitz functions. To each uj G Sec*(^i) 
we associate a seminorm pcj on TX by letting, for x GVp and v G T^X: 


(8.23) 

we denote by || 

{II ■ llaj}<.^eSec,(e)- 


JO if £>-Lip/; 3 (a;) = 0 

( g-Upfg{x) OLueiwise, 

g Lip essential supremum (Lemma 12.331) of the collection 


Theorem 8.24. Let Dx G X be a countable dense set. Then one has: 


(^■25) II ■ Wox.g ~ II ■ IUlIP “ II ■ Ilg.Lip ) 

in particular, if D'^ G X is another countable dense set: 

( 8 . 26 ) ||.||^^_^=||.||^^_^; 

in the sequel, we will denote the canonical norm i8.25\) by || • jj^. 
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Proof. Each pseudodistance function Qx gives rise to an element of Seci(p) and 
II ■ IIdx e — II ■ lie Lipi to o^oh uj G Seci(g) one can associate co G Sec*(£<) with 
Puj < Puj and so || • H^ ^ip ^ II ' lie, Lip- We thus just prove that: 

(8-27) l|•|le.Lip<l|•|lDx.e• 

It suffices to show that for any Cj = {(V^, //?)} G Sec*(£)) one has 


(8.28) PD <11-11^,,,. 

Let J' contain the components of the chart functions and the functions {//j}/?; let 
C contain the characteristic functions of the charts and the characteristic functions 
{XVi 3 }/3', let S contain dx and g. Let V be an {/^}; 3 -differentiability set and fix /3; let 
Vp = VdVp] by Theorem l5.3l there is a full ^-measure /i-measurable subset W/j C 
such that, for each x G Wp the set of {T, C, S, L>jf)-generic velocity vectors contains 
a dense set of directions. In particular, for each v G T^X and e > 0 we can find an 
(J^,C,5,Djs:)-generic velocity vector y(t) G TxX with ||z; — 7'(t)||7.x < Assume 
that g-Jjipfp^x) > 0; note that the derivative {fpoy{t) exists and is approximately 
continuous at t. Without loss of generality assume that {fp o 7 )'(t) y 0; then we 
can find \ 0 such that t + Sn G Dom 7 and p( 7 (t + Sn), 7(t)) = r„ > 0. We now 
obtain the estimate: 

(8.29) 

l(//3 o l){t + Sn) - {fp o 7)(t)| < 


< sup 




X p(7(t + s„),7(t)) 


< (gi-Lip/^(a;) + 0(l/n)) 
+ o(s„) ); 


' [t,t+Sn]nDom7 


p-md 7 (r) dr 


dividing by s„ and letting n y oo we get, by approximate continuity of p-mdy at 
t: 

(8.30) l(//3 O7)'(0l < £’-Lip//3(a;) £'-md7(t). 

Now Theorem 14.31 implies that p-md 7 (t) = ||7'(t)||£)^ ^ and so: 

\{dff3n'it))\ < £'-Lip//3(a:) || 7 '( 0 llDx.e 

< £<-Lip/^(a:) \\v\\jj^^^ + eCg g-Upfp{x); 
let L denote the global Lipschitz constant of fp; then: 

(8.32) \{dfp,v)\ < g-Upfp{x) \\v\\jj^^^ + eCg g-Upfp{x) + eL\\v\\j.x ] 

so (18.281) follows by letting e: \ 0. □ 


8.2. Metric Differentiation for Lipschitz maps. We now reformulate the re¬ 
sults of the previous subsection for a Lipschitz map F : X ^ Z] throughout this 
subsection g will denote the pull-back pseudometric F*dz. Putting together The¬ 
orems 18.61 and 18.241 we obtain: 


Theorem 8.33. Associated to the map F there is a canonical subbundle Wf of 
T*X such that: 
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(1) For each g G F* (Lip(Z)) (i.e. g = ho F for some h G Lip{Z)) the section 
dg lies in Wf; 

(2) For each countable dense set Dx C X the subbundle Wf coincides with the 
subbundle spanned by the sections {dg^ ■ x G Fx}- 


Suppose now that X contains the components of the chart functions of{X,fi), thatC 
contains the characteristic functions of the charts, and suppose also that S contains 
the pseudometric g. The subbundle Wf induces a canonical seminorm || • ||^ = || • 
on TX such that, for each [X,C,S)-generic velocity vector ^'{t) one has: 


(8.34) 


II7'(0IIf = 1™ 

s—>0 


dz{F oj{t +s),F oj{t)) 


Remark 8.35. In practice, it does not matter whether metric differentiation is for¬ 
mulated in terms of pseudometrics or Lipschitz maps. In fact, consider a Lipschitz 
compatible pseudometric g on X and associate to it the Lipschitz map: 

F-.X^ l°°iDx) 

(8.36) ^ r . IX 

then we get || • . = || ■ ||^ and Wg = Wf- 


We now specialize the discussion to the case in which {Z, v) is a differentiability 
space; throughout the remainder of this subsection we will fix choices of countable 
dense sets Dx C X and Dz C Z. The case of interest is when the measure F^g is 
absolutely continuous with respect to v. Using the Radon-Nikodym Theorem we 
can find a Borel subset Vo C Z such that Fj/jlVo and flVo are in the same measure 
class. The case of interest is when v{Vo) > 0, which we will assume throughout the 
remainder of this subsection. 

Let Uq = F“^(Vb) and suppose that g G Lip(Z) is differentiable at zq with 
respect to the Lipschitz functions suppose now that zq = F{xo) and that 

the functions {'0® o F}ff-^ are differentiable at xq with respect to the functions 
We then obtain the chain rule: 

(8.37) 

goF{x) goF{xo) = EE ^(2:0) ° {(t>^{x) - <j)^{xo)) +o{dx{x,xo)). 

i—1 j—1 ^ ^ 

The following Corollary is a consequence of the chain rule ()8.37l) : 


Corollary 8.38. Let {(Uq,,^^)}^ be an atlas for {X,g) and {(Vs, "0,9)}^ an atlas 
for {Z, v). Then the subbundle Wf \ Uq is spanned by the sections |d(0^ ° 


Definition 8.39. As the measures F^/i L Vq and u L Vq are in the same measure 
class, we obtain a pull-back map: 

(8.40) F* : T*Z \ Vq -g T*X \ Uq, 

which maps each section dg of T*Z \ Vq to the section F*dg = d{goF) of T*X \ Uq. 
We define the push-forward map: 

(8.41) F^:TX\Uo^TZ\ Uq 
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by duality; that is, for x € C/o, v S TxX and g € Lip(Z) we let: 

(8.42) (F,(i;), dg |^(,)) = {v, {F*dg)^). 

We conclude this subsection by proving: 

Theorem 8.43. LetWp denote the annihilator ofWp' *.e. the fibre W^(a:) con¬ 
sists of those vectors in T^X which are annihilated by the functionals in Wf{x). 
The seminorm || ■ ||^ induces a norm on the quotient bundle TX/TVp which we will 
still denote by || • ||^. Then induces an injective isometry: 

(8.44) F, : {TX/W^ \ Uo, || • ||^) ^ {TZ \ Vo, || • H^z). 

The proof of Theorem 18.431 uses the following generalization of Theorem 15.31 
whose proof is omitted. 

Lemma 8.45. Suppose that F contains the components of the {(j)a}a cind of the 
{-ipis o Fj/s; suppose that C contains the {xUa}a, the {xVfi}p XUo! suppose that 
S contains g. Suppose also that F' contains the components of the {tppjp and that 
C contains the {xVf,} o^nd xvo- 

(8.46) 

Gx{F,C,S', F',S') = € TxX : V = j'(t), where jft) is {F ,C,S)-generic 

and {F o 7 )'(t) is {F',C')-generic 

then there is a full pL-measure fi-measurable subset Ui C Uq such that, for each 
X € Ui, Gx{F,C,S',F',S') contains a dense set of directions. 


Proof of Theorem \8.43\ We apply Lemma 18.451 and show that for each x € Ui and 
each V € TxX one has: 

(8.47) “ II'^*(’^)IItz ’ 

by density of directions, we just need to show (18.471) for v = y{t) where x'{t) is 
(C,5)-generic and (Fo 7 )'(t) is (J^',C')-generic. By Theorem 14.31 applied in X 
to the pseudometric g we get: 

(8.48) || 7 '(t)||p = (?-md 7 (t); 

note that by the definition of the p-metric differential we have: 

(8.49) p-md 7 (t) = mdF ojlt); 

finally, applying again Theorem 14.31 in Z to the metric dz, we get: 

(8.50) \\F*x'{t)\\pz = \\{Fojy{t)\\pz = mdFoxit). 


□ 
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8.3. Metric difTerentiation and blow-ups. In this subsection we generalize the 
results of Section [7] in the case in which one considers either a Lipschitz compatible 
pseudometric p on X or a Lipschitz map F : X ^ Z. 


Definition 8.51. Let p be a Lipschitz compatible pseudometric on X and 
be an A^-dimensional differentiability chart. A blow-up of (X,^,ip, g) at p along 
the scales r„ \ 0 is a tuple (Y, v, p, q) such that: 


(8.52) 


(1) The tuple (F, v, ip, q) is a blow-up of {X, p, ip) at p, i.e. the tuples: 

M V' - V'(p) 


—A, 


-,P 


r„ r„))’ r„ 

converge to (Y, v, ip, q) in the measured Gromov-Hausdorff sense; 

(2) p is a Lipschitz compatible pseudometric on Y and if the points y,y' G Y 


(8.53) 


are represented, respectively, by the sequences [xn], [x'^] C X, then: 

/N ,• Q(.Xn,x'^) 

g{y,y) = hm -. 


We denote by Bw-up(A, /r, ip, g,p) the set of blow-ups of (X, p, ip, g) at p. 


Theorem 8.54. Let (U,ip) be an N-dimensional differentiability ehart for the dif¬ 
ferentiability space {X,p), and let g be a Lipsehitz compatible pseudometrie. Then 
for p\_U-a.e. p, for each blow-up lY,v,p,g,q) G Yiw-\xp{X, p,ip, g,p), and for each 
unit vector vq G TpX, the measure v admits an Alberti representation A = {Q, $) 
where: 


( 1 ) Q is concentrated on the set Lines(:/5, uoj 0 ) of unit speed geodesic lines in 
Y with: 

{p O 7 )' = Vq] 

= Ikollg \t - s|; 

(2) For each 7 G Lines(:p,'(;oi q) the measure 4)..^ is given by: 

(8.56) = dfi. 


Proof. The proof follows the method used to prove Theorem 17.Ill we just: 
(1) add in condition (Reg3) that: 


(8.57) 


eh{si),-f{s 2 )) - \\l'{t)\\ |si - S2 


< e|si - S 2 I; 


(2) require in Lemma 17.411 that U consists of points at which the map x 1 —>■ 
II • llg (x) is approximately continuous. 

□ 


We now discuss what happens in the case of a Lipschitz map F : X ^ Z. When 
we defined blow-ups of the chart functions there was no issue with the target space 
because possesses a group of dilations. For a general map F : X ^ Z we first 
need to use ultramits |KL971 Sec. 2.4] to blow-up Z; we recall here the relevant 
constructions. 
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Definition 8.58. Let {Z, zq) denote a pointed metric space and let r„ \ 0; we 
define a blow-up [W, wq) of {Z, zo) along the scales \ 0 as an ultralimit of the 
sequence of pointed metric spaces zq^ . Specifically, we choose a nonprincipal 

ultrafilter uj and consider the set W of those sequences [Zn] C Z such that: 


lim sup 

n—¥oo 


(8.59) 

We define a pseudometric on W by: 

(8.60) d 


dz(zn,zo) 


< oo. 


wii^ri],[Zn]) =lim 


dziZn,z'J 


On W we consider the equivalence relation: 


(8.61) 


[4] d^iiznl [4]) = 0; 


then d^ induces a metric dw on the quotient space W = W/ and the base 
point wq is the equivalence class of the constant sequence [zq]. We denote the set 
of blow-ups of Z at zq by Bw-up(Z, ^o)- 

Consider now the case of a Lipschitz map F : X ^ Z; having fixed scales \ 0, 
we construct blow-ups {Y,q) G Bw-up(X,p) and (W, wq) S Bw-up(Z, i^(p)). We 
then obtain a Lipschitz map G : {Y,q) {W,wo) by blowing up the graph of F 
at {p,F{p)). Specifically, if [x„] C X represents the point y G Y, we let G{y) 
be the equivalence class of the sequence [F(a;„)]. In general, we say that a tu¬ 
ple {Y,i/,(p,q-,G,W,Wo) is a blow-up of (X,/x, F, Z) at p if: {Y,i/,(p,q) G 
Bw-up(X,/i, i/i,p), (Wo, Wo) G Bw-up(Z, F(p)), and G is obtained by blowing up 
F : X ^ Z at p. We denote the set of blow-ups of {X, F, Z) at p by 
Bw-up(X,^,i/i,p;F,Z). 

Applying Theorem 18.541 to the pseudometric F*dz we get: 

Theorem 8.62. Let (U,tp) be an N-dimensional differentiability ehart for the dif¬ 
ferentiability space (X,/i), and let F : X ^ Z be a Lipschitz map. Then for 
pL\_U-a.e. p, for each blow-up {Y,iy,(p,q;G,W,wo) G Jiw-np{X, y,,if,p; F, Z), and 
for each unit vector vq G TpX, the measure v admits an Alberti representation 
A = (Q, 4>) where: 

(1) Q is concentrated on the set Lines(:/ 3 , iio, G) of unit speed geodesic lines in 
Y with: 

18 631 {Toiy = vo-, 

dw{Go-f{t),Go"f{s)) = IIiioIIf 1^ - 

(2) For each 7 G Lines((/J, uo, G) the measure is given by: 

(8.64) 

Remark 8.65. In [Che99l Sec. 10] it was shown that if {X,y) is a Pl-space and if / 
is a real-valued Lipschitz map defined on X, at p-a.e. p, blowing-up f at p always 
produces a generalized linear function g; in particular, the corresponding space Y 
contains through each point a geodesic line 7 on which the blow-up F is affine, and 
such that 7 behaves as an integral curve of the gradient of F. Applying Theorem 
18.621 to the case in which F = f, one gets, through each point of Y, many geodesic 
lines on which the blow-up G is affine, and these geodesic lines can be used to 










58 


JEFF CHEEGER, BRUCE KLEINER, AND ANDREA SCHIOPPA 


obtain a Fubini-like decomposition of the measure v. Among these geodesic lines, 
those where the slope of G is maximal correspond to the vector vo which is the 
derivative of / at p with respect to the coordinate functions Tp. 

9 . Examples 

In this section we provide examples that illustrate how metric differentiation can 
be used to constrain the infinitesimal geometry of a Lipschitz map F : X ^ Y, 
where A is a differentiability space. We will use a family of examples of differen¬ 
tiability spaces introduced in [CK13a) : inverse limits of admissible inverse systems 
of metric measure graphs. For these spaces we find that for some natural classes of 
target spaces, blow-ups of arbitrary Lipschitz maps are quite degenerate. 

In this section we will say that a map 77 : K. —>■ Z into a metric space Z is a 
geodesic with speed cr if d{ri{s), ri{t)) = cr|s — t\ for all s,t € K; here we allow 
geodesics with speed 0 , i.e. constant maps. 

Theorem 9.1. Let (Aqo, doo,/Joo) be the inverse limit of an admissible inverse 
system (see below). Let A C X^o be a measurable subset, and F : A ^ Z be a 
Lipschitz map. 

Consider the following conditions: 

(a) Z is CBB space, i.e. an Alexandrov space with curvature bounded below. 

(b) For every z £ Z and every blow-up W of Z at z (in the sense of ultralimits, 
see Definition \8.58\) . two constant speed geodesics 7 , 7 ' : R LF which 
coincide on a nonempty open interval (a, 6) C R coincide everywhere. 

(c) Z is an equiregular sub-Riemannian manifold. 

(d) Z is an Alexandrov space with curvature bounded above, and Xoo satisfies 
the monotone bigon condition fDeRnition \9.1f^ ). 

If Z satisfies one of the conditions (a)-(c), then for pLoo-a.e. p € Xoo, if G : 
Yoo W is a blow-up of F at p, then G factors as G = G o (p where p : Yoo —t R 
is 1-Lipschitz and G : R —?► LF is a constant speed geodesic. 

If Z satisfies (d), then for poo-ci.e. p S Xoo, every blow-up G : Yoo W of F 
at p factors as G o p where (p : Yoo Z' is 1-Lipschitz, G : Z' ^ W an isometric 
embedding, and Z' is a metric cone over a finite set, i.e. the union of finitely many 
geodesics rays leaving a basepoint. 

In fact the argument gives slightly more precise control, see (I9.19P and (19.201) 
below. Also, the argument can be generalized somewhat further, see Remark [9211 

Remark 9.2. Note that when the target Y is a Banach space with the Radon- 
Nikodym Property the same conclusion as in the cases (a)-(c) follows by differ¬ 
entiating F along the Alberti representations, compare the discussion on RNP- 
differentiability in [CK09) . 

Theorem 19.ll has the following consequence: 

Corollary 9.3. Under the assumptions of Theorem 1.9. JL if F : A ^ Z is a bi- 
Lipschitz embedding, then A is 1-rectifiable. 

The proof of the corollary is given after the proof of Theorem 19.11 
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Definition 9.4 (Admissible inverse systems, [CKlSaj l. We consider an inverse 
system of metric measure graphs: 

lex r\ ‘^i-1 ^ '^i + 1 

(9.5) • • • i - Xi i — Xi+i i -- ■ • , 


where the index i can range either over Z or over NU{0}: in the former case we will 
say that the inverse system is signed, and in the latter case that it is unsigned. 
We denote the metric and measure on Xi by di and fii respectively. Having fixed 
an integer m>2 and parameters A,C,0 G (0, oo), we say that the inverse system 
{Xi^TTi} is admissible if it satisfies the following axioms: 


(Adi): Each metric space (Xi, di) is a nonempty connected graph with ver¬ 
tices of valence < A and such that each edge of Xi is isometric to an interval 
of length with respect to the path metric di; 

(Ad2): Let A' denote the graph obtained by subdividing each edge of Xi 
into m edges of length Then tt^ induces a map tt^ : (A^+i, di+i) 

(A', di) which is open, simplicial and an isometry on every edge; 

(Ad3): For each Xi S A' the inverse image 'K~^{xi) C Xi+i has c?i+i-diameter 
at most 0 

(Ad4): Each graph Xi is equipped with a measure which restricts to a 
multiple of arclength on each edge; if ei,e 2 are two adjacent edges of Xi 
we have: 

( 9 . 6 ) (^e[C-\C]; 

Mi(e2) 

(Ad5): The measures {/ii} are compatible with the projections {TTi}: Trijj/Xi+i = 

(Ad6): Let St(a;, G) denote the star of a vertex a: in a graph G, i.e. the union 
of all the edges containing x. Then, for each vertex n' £ A' and each 
Vi+i £ TT~^{v'i), the quantity: 

Mi+i K“^(e') n St(7;i+i, A,+i)) 

is the same for all edges e' £ St(w', A'); 

(Ad7): If the inverse system {Xi,Tri} is unsigned we will assume that Aq ~ 
[0,1], /xq = L [0,1] and we will denote by ipi the map: 

( 9 . 8 ) ipi = TTlO ■ ■ ■ O TTi_i. 

If the inverse system {Xi,TTi} is signed we require the existence of open 
surjective maps : A^ R which are, regarding R as a graph of edges 
{[A:TO“b (fc-I-I)m“*] l/jgz’ simplicical and restrict to isometries on every 
edge. Moreover, we require that the are compatible with the {iTi}: 

( 9 . 9 ) ipiOTTi=ipi+i (\/i). 


An immediate consequence of the axioms (Adl)-(Ad7) is that the metric mea¬ 
sure spaces (Xi,di,^i) converge in the measured Gromov-Hausdorff senseH to a 

^If {Xi, TTi} is signed we consider the convergence in the pointed sense by choosing basepoints 
{gdiez satisfying 7ri(gi+i) = Qi- 
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metric measure space (Xoo, doo, Moo) which is called the inverse limit of the ad¬ 
missible inverse system. If {Xi, Wi} is unsigned, then (Xao^doo) is compact geodesic 
and Mcx 3 is a doubling probability measure; if {Xi,'Ki\ is signed, {X^o, doo) is proper 
geodesic and Moo is a doubling measure. In both cases there are 1-Lipschitz maps 
TToo.fc : ^ Xk satisfying: 

^k — 1 ® '^oo.k — ^oo,fc —1 

(9.10) 

^oo,fej|Moo — f^k' 

For j > k we will use the short-hand notation to denote the map TTfc o • • • o 7 rj_i. 
Moreover, the maps tpi : —>■ M or [0,1] pass to the limit giving a 1-Lipschitz map 
ifao ■ Xoo —>■ M or [ 0 , 1 ] satisfying: 

(9.11) (Moo(g) = *(<?)) (Vg G Xoo, Vi e Z or N U {0}) 

We now define a special class of paths in Xi or Xoo- 

Definition 9.12. Let / C M be connected and j : I ^ Xi continuous, where we 
allow i = oo. We say that 7 is a monotone geodesic if tpi o 7 : / —>■ K or [0,1] 
is either a strictly increasing or decreasing affine map. In particular, the axioms 
(Adl)-(Ad7) imply that 7 is a constant speed geodesic in {Xi, di). Moreover, by 
axioms (Ad2) and (Ad7), if j > i and if 7 ^ : / —is a monotone geodesic, then 
for each qj G (7i(/)), one can lift 7^ to obtain a monotone geodesic : I ^ Xj 
passing through qj and satisfying Wj^i o 7 ^ = 7 j. 

We now summarize some important consequences of the axioms (Adl)-(Ad7). 

Theorem 9.13. Let {Xi,TTi} be an admissible inverse system and let X^o denote 
the inverse limit; then: 

(1) The metrie measure spaee (Aqo , doo, Moo) admits a {1,1)-Poincare inequal¬ 
ity; in particular, it is a differentiability space with a single differentiability 
chart (Aoo,(Moo); 

(2) The {Xi,yLi)’s and (Aoo,Moo) admit distinguished Alberti representations 
whose support is precisely the set of all monotone geodesics 7 : / —>■ Aoo 
where (poo 07 = id/, and I = [0,1] if {Xi, Wi} is unsigned, and I = R if it 
is signed. These Alberti representations are compatible with projection. 

The proof of Theorem 19.131 is contained in [CK13a] : note, however, that in 
[CK13a| only the case of what we call unsigned inverse systems is discussed: the 
modifications for the case of signed inverse systems are straightforward. Alberti 
representations are not explicitly mentioned in [CK13a) . but part (2) in Theorem 
19.131 follows from the discussion in [CK13al Sec. 6 ]. 

Remark 9.14. In |Schj it is shown that the collection of admissible inverse systems 
defined in [CK13a) contains an uncountable family of the form {{{Xi, di, p-i,a)}i}aeAj 
such that inverse limits {(Aqo, doo, Moo,o!)}aGA — which are all PI spaces |CK13a] 
— realize an uncountable family {poo,a}aeA of mutually singular measures on the 
same inverse limit metric space {Xoo, doo)- 

Theorem 9.15. Let Xoo be the inverse limit of an admissible inverse system 
{Xi,'!Ti} and let if = (Moo/ if the system is unsigned assume also thatp ^ if~^ ({ 0 , 1 }). 
Then each element of Bw-up(Aoo, Moo,'0,p) is of the form {aYoo,c ■ Voo,<J ■ p,q) 
where: 
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(1) The metric measure space (Yoo, <ioo, i^oo) is the inverse limit of a signed 
admissible inverse system {Yi,7Ti}, and ip is the function poo corresponding 
to Yqq . 

(2) The parameters a anc c satisfy: 

a € [1 , to] 

(9.16) 1 

c —- 

1^00 1/cr)) ' 

(3) The basepoint q satisfies p{q) = 0. 

(4) Furthermore, up to renormalization, the blow-up of the distinguished Alberti 
representation of {XocPoo) is the distinguished Alberti reprsentation on 

(1^00 ; ^oo) • 


We may now apply Theorem 18.621 to obtain the following: 


Theorem 9.17. Let Xao be the inverse limit of an admissible inverse system 
{Xi,TTi\. Let A C Xoa be a measurable subset, and F : Xoo L> A ^ Z he Lip- 
schitz. 


Then there is a full poo-measure subset Sp C A such that, for each p € Sp and 
each (ctYoo, c • Voo, o’ ■ (/?, g; G, W, wq) € Bw-up(Xoo, Moo, 'f’lP', F, Z), one has that G 
maps each unit-speed monotone geodesic line 7 : R —^ Yoo to a (possibly degenerat^) 
geodesic line in W with constant speed a~^ ||9^ 


IPllF’ 


Definition 9.18. An admissible inverse system {{Xi,ni)} satisfies the monotone 
bigon condition if there is a constant D such that for every i, if yi,y2 G Xoo 
project under : Xoo —>■ Xi to the same point, there are monotone geodesic 
segments 71,72 C Xoo of length < Dm~'' such that pi G ji, and 71, 72 have the 
same endpoints. 


One may readily check that some standard examples of admissible systems, for 
instance Examples 1.2 and 1.4 from [CK13b) . satisfy the monotone bigon condition. 


Proof of Theorem 1,9.11 We apply Theorem 19.171 and will show that under each of 
the assumptions (a)-(d), there is a full measure subset of points p £ A such that if 
G : Yoo —>■ W is as Theorem 19.171 then: 

• If one of (a)-(c) holds then G factors as 

(9.19) 

where G is a geodesic with constant speed do = Wd-ip |p||p^. Here we 
allow do = 0, in which case G and G are constant maps. 

• If (d) holds, then G factors as G o where tt'^oo ■ ^00 ^ bToo is the 
projection map from the inverse limit to the direct limit, and 

(9.20) G : Y_oo ^ W 

is a map whose restriction of any monotone geodesic in Y_oo is a geodesic 
in W with constant speed do = cr~^ ||9^ IpIIf- 


^This happens iff lp||p' = 0, i-®- when G o 7 is constant. 











62 


JEFF CHEEGER, BRUCE KLEINER, AND ANDREA SCHIOPPA 


We first assume that (b) holds. This also covers case (a) since (a) => (b). 

Let r be the set of monotone geodesics 7 : R ^ Too such that ip 00 07 = idR. 
We define an equivalence relation on T by saying that 71 ^ 72 if there is a geodesic 
ry : R —>■ W with constant speed o-q such that G o 7 , = ry o 07 ^ for i = {1,2}. 

Note that if the images of 71,72 S T intersect in an interval, then they are 
equivalent by assnmption (b). By concatenating rays to form monotone geodesics, 
it follows that if the images of 71 and 72 intersect even in a single point, they are 
equivalent. Now define an equivalence relation on Yoo by saying that yi, j /2 G Wo are 
equivalent if some (or equivalently every) 71 G T passing through yi is equivalent 
to some (or every) geodesic 72 G T passing through 2 / 2 - The cosets of this relation 
on Wo are closed, and any path 7 that is a concatenation of finitely many segments 
from monotone geodesics lies in a single coset. Therefore there is only one coset 
and G factors as claimed. 

Suppose (c) holds. Since the conclusion is local, we may assume without loss of 
generality that there is a smooth map ft' : Z ^ R^, where k is the dimension of 
the horizontal space, and the derivative Z?\E' restricts to an isomorphism on every 
horizontal space. Hence by |Mit85) . for every z € Z, the blow-up of .Z at 2 is a 
Carnot group W, and the blow-up 'L : W R^ of at z yields the horizontal 
coordinate for W. 

We now proceed as before, except that we take p to be a point of differentiability 
of the composition 'i' o F : H R^. Passing to the blow-up G : Wo ^ W, from 
differentiability we get that iL o G = a o (p^ where a : R R^ is an affine map. 
It follows that for every monotone geodesic 7 G T, the composition G o 7 projects 
under the horizontal coordinate T : W —>■ R^ to the same constant speed geodesic 
ot o Poo o 7 - This implies that for every 7 G T, the composition G o 7 is an integral 
curve of the left invariant vector field determined by a. In particular, if two such 
geodesics agree at a point, then they coincide. 

Now consider the equivalence relation on T defined as before. If 71,72 G T agree 
at some t G R, then by the above discussion G o 71 = G o 72 , i.e. 71 '^ 72 . The rest 
of the argument is the same. 

Now assume (d) holds. Again consider the map G : Wo —>■ kP obtained by 
applying metric differentiation at a point p G ^oo- As above, for every 7 G T, 
the composition G o 7 is a geodesic of constant speed (Tq. One checks readily that 
Yoo inherits the monotone bigon condition. Pick yi,y 2 G Wo, and suppose that 
7 rj(yi) = '!Tj{y 2 ). By the monotone bigon condition, there exist 7 ^ G P such that 
7 i passes through yi and the maps 71,72 : R Wo agree outside a a compact 
subset of R. Then G o 71 and G o 72 are constant speed geodesics in a GAT(O) 
space, and they agree outside a compact subset of R. It follows that 71 = 72 , so 
in particular G(pi) = G(p 2 )- We have thus shown that G factors through a map 
Gj : Yj ^ W which has the property that its restriction to any monotone geodesic 
in Yj is a geodesic in W with speed o-q. This implies that G factors as G o 
where Tr??oo ■ Wo Y -00 is the projection map to the direct limit P_oo of the 
signed inverse system {( 1 ^, 711 )}, and G : P_oo —>■ VP is a map whose restriction to 
any monotone geodesic in Y -00 is a geodesic in VP with constant speed (Tq- Finally 
note that as there is a uniform bound on the cardinality of the links of the vertices 
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of Yj as j —>■ —oo, then Y-ac is a finite union of geodesic rays issuing from a 
basepoint. □ 


Remark 9.21. Note that the previous argument for points (a)-(c) can be run more 
generally under the assumptions that G maps monotone geodesics to constant speed 
geodesics in W which cannot branch, i.e. two such geodesics must coincide if 
they agree on an open interval. Note that it suffices to verify this non-branching 
property for the geodesics that arise from blow-up; one may restrict these geodesics 
by exploiting differentiability of auxiliary Lipschitz functions, such as the function 
appearing in case (c). 


Proof of Corollarv \9.‘A Let F ■. A ^ Z he L-bilipschitz embedding. 

We first assume that we are in one of the cases (a)-(c). Therefore we know that 
there is a measurable subset Ai <Z A with /r(Al \ Ai) =0 such that for all x & Ai, 
for every blow-up G : Too ^ Lb as in (the proof of) Theorem 19.11 we have that 
G = rjo Lpoo where r; : K. — >■ IT is a geodesic with constant speed lying in the interval 
Since G is also L-bilipschitz, we conclude that for every ?/i,t /2 € L^oo, we 

have 

(9.22) d{ipoo{yi), Poo{y2)) > L~‘^d{yi,y2) ■ 

This implies that for all x G Ali there is an r(x) >0 such that 

(9.23) d{(po^{x'),(poo{x)) > ^L~^d{x',x) 

for all x' G B{x, r(x)); otherwise there would be a sequence xj. ^ x violating (I9.23L 
and by rescaling and passing to a limit, we get a blow-up contradicting (19.221) . Now 
put 

Sj = {x G All rix) > j~^}- 

Then </5oo|g. : Sj —>■ K is 2L^-bilipschitz on ^^i^-balls, and Ai = hljSj. This shows 
that Ai is rectifiable. 

Now suppose we are in case (d). 

Let 

Ao = {x G A \ 7rj(x) is not a vertex for any j} C A. 

Note that A \ Ag is ^-null. Then there is a full measure subset Ai C Aq such 
that for every x G Ai^ every blow-up G : Too —J- IT of L at x has a factorization 
G = Go as in the proof of Theorem 19.11 and reasoning as above we get that 

(9-24) d(7r“^(yi),7r“^(2/2)) > L-‘^d{yi,y2) 

for all yi,y 2 G Too. 

Now for x G Ai, using (19.241) and a contradiction argument, we get that for 
every C there is a jx such that for all j > jx, the projection : W^+i -G Xj 
maps the ball B{TTj+i(x),Gm~^) C Xj+i bijectively onto B{TTj{x),Gm~^) C Xj. 
Iterating this, it follows that for all k > j > jx, the projection : X^ — >■ Xj maps 
B{-Kk{x),Gm~^) bijectively onto B{TTj{x),Gm~'^). Since Trj{x) is not a vertex, for 
large enough k we conclude that B{nk{x),Cm~^) has no branch points, i.e. it is 
isometric to an interval. As C is arbitrary, this together with (19.241) implies that 
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for every blow-up G : Foo W of F at x, the direct limit F_oo has no branch 
points. Hence we are in the same situation as cases (a)-(c), and we may complete 
the proof as before. 

□ 
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